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Abstract
We consider the problem of estimating a signal subspace in the presence of interference that contaminates some proportion
of the received observations. Our emphasis is on detecting the contaminated observations so that the signal subspace can be
estimated with the contaminated observations discarded. To this end, we employ a signal model which explicitly includes
an interference term that is distinct from environmental noise. To detect when the interference term is nonzero, we estimate
the interference term using an optimization problem with a sparsity-inducing group SLOPE penalty which accounts for
simultaneous sparsity across all channels of the multichannel signal. We propose an iterative algorithm which efficiently
computes the observations estimated to contain interference. Theoretical support for the accuracy of our interference estimator
is provided by bounding its false discovery rate, the expected proportion of uncontaminated observations among those
estimated to be contaminated. Finally, we demonstrate the empirical performance of our contributions in a number of simulated
experiments.

Keywords Signal subspace · SLOPE · Group SLOPE · Impulsive noise · Outlier detection · Interference detection

1 Introduction

Estimating unknown signal or sensor parameters is an essen-
tial part ofmany statistical signal processing problems.When
measurements are taken using sensor arrays, the signal sub-
space can be used to estimate many parameters of practical
interest, including signal frequencies, directions of arrival
and sensor array geometry. In this paper, we contribute a new
technique for estimating a signal subspace in the presence of
sparse interference. Throughout, a sparse interferer is one
which contaminates some bounded proportion of received
observations across any subset of the sensor array’s channels.
An important example of sparse interference is impulsive
noise1, which refers to high-intensity short-duration signals
(Henderson and Hamernik 1986; Zoubir et al. 2012). Impul-

1 also called impulse noise in some references.
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sive noise is commonly found in many application areas,
including radar (Abramovich and Turcaj 2001), sonar (Etter
2018), seismology (due to seismic events), and telecommu-
nications (Middleton 1999). Since impulsive noise typically
does not contaminate all observations, it is an example of
sparse interference.

Wemodify a conventional noise model, in which received
observations are a signal with additive noise, by including
an additional interference term, and then estimate this term
in an optimization problem that features a data fidelity term
and a sparsity-inducing regularizer. Once we have identified
observations for which the interference term is estimated to
be nonzero, we discard those observations and estimate the
signal subspace using the remaining observations. In general,
this is a difficult problem because identifying a size k sub-
set of observations to discard due to interference is NP-hard
(Davis et al. 1997). Sparsity-inducing regularizers can be
used to tractably approximate these difficult subset selection
problems, and a number of recent results establish rigorous
approximation guarantees for a variety of different regular-
izers (Wainwright 2019; Tibshirani 1996; Zou and Hastie
2005; Yuan and Lin 2006; Zou 2006; Belloni et al. 2011;
Bogdan et al. 2015). Our contributions build on this liter-
ature by applying a sparsity-inducing regularizer to signal
subspace estimation. By exploiting the unique structure of
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the design matrix in signal subspace estimation, we are able
to develop fast algorithms that compute the estimator much
more quickly than general-purpose solvers. In addition to
these computational results, we provide theoretical support
for the accuracy of the estimator by bounding its false dis-
covery rate, the expected of ratio of incorrectly discarded
observations to total discarded observations.

Our approach differs from existing work on signal sub-
space estimation in a number ofways. Typicalmodels assume
that the complex output of an m element array x(t) ∈ C

m , in
in-phase and quadrature (IQ) format, is related to the signal
amplitude s(t) ∈ C

d from d sources via

x(t) = A0 s(t) + ε(t), (1)

where A0 ∈ C
m×d is a matrix with columns the array

response vectors for each of the d sources. The ε(t) ∈ C
m

term is additive noise. In the nonrobust setting, ε(t) is often
assumed to be distributed as a mean zero, isotropic complex
Gaussian and independent across the time index t . In (1),
only the observations x(t) and d, the number of sources, are
known. The primary goal is to estimate the column space of
A0, also called the signal subspace of A0. Denote by X an
m×nmatrix consisting of n observations from themodel (1).
If the signal is deterministic but unknown, the signal subspace
can be estimated using deterministic maximum likelihood.
This leads to the following optimization problem for sub-
space fitting, first introduced in Schmidt (1981),

min
A∈Cm×d

S∈Cd×n

‖X − AS‖2F . (2)

The authors of Cadzow (1988) observed that substitut-
ing other functions of the observations for the X term in
(2) results in a framework that generalizes many methods
for estimating a signal subspace. For example, the following
problem removes the dependence on n in (2) and produces
an identical estimate for col(A0),

min
A∈Cm×d

S∈Cd×m

∥
∥
∥�̂

1/2
X − AS

∥
∥
∥

2

F
, (3)

where �̂X is the sample covariance of X and �̂
1/2
X a Hermi-

tian square root.
Other methods can be formulated by substituting differ-

ent functions of the sample covariance matrix �̂X into the
optimization problem (3). The multidimensional version of
the popular MUSIC algorithm (Schmidt 1981; Paulraj et al.
1993), can be written

min
A∈Cm×d

S∈Cd×d

∥
∥
∥ÊS − AS

∥
∥
∥

2

F
, (4)

where ÊS ∈ C
m×d is a matrix of the d largest eigenvectors of

�̂X . Because many signal subspace methods depend on �̂X ,
efforts to robustly estimate a signal subspace primarily focus
on robustly estimating the covariance matrix (Zoubir et al.
2012). Since the covariance matrix is a fundamental quantity
in statistics, many robust techniques have been developed
and then used to robustify signal subspace methods. Exam-
ples include M-estimation (Huber 1981; Zoubir et al. 2012),
sign covariance matrix (Oja and Koivunen 1997; Visuri et al.
2001), minimum volume ellipsoid (Rousseeuw 1984), and
minimum covariance determinant (Rousseeuw 1984).

Our approach differs from this common paradigm for
robustifying signal subspace methods by returning to the
probabilistic model (1). We include an interference term in
(1) and modify the least squares estimator (2) accordingly.
Similar to the signal of interest s(t) in deterministic max-
imum likelihood, we assume that this interfering signal is
deterministic yet unknown. By assuming that this interfer-
ence term is sparse across time, we are able to distinguish
it from the noise term and signal of interest by forming
an optimization problem which modifies (2) to include a
sparsity-inducing penalty.

We use the group SLOPE norm as the sparsity-inducing
penalty when formulating the estimator. First introduced
in Gossmann et al. (2015) and Brzyski et al. (2019), the
group SLOPE norm encourages simultaneous sparsity across
groups of estimated variables. Group SLOPE is an exten-
sion of the popular group LASSO penalty (Yuan and Lin
2006), which also encourages selected groups of variables
to be zero simultaneously. However, group SLOPE has an
advantage over group LASSO because it is adaptive, in the
sense that the penalty applied to each group depends on its
�2 norm relative to the norms of all other groups, with larger
group norms being penalized more heavily. Moreover, the
group SLOPE norm is convex, so minimizers of many group
SLOPE regularized optimization problems can be computed
efficiently. In this paper, we encourage group sparsity across
columns of a matrix � ∈ C

m×n , where m is the number of
channels in the sensor array and the n columns of � are each
an estimate of an interference term for a particular observa-
tion. This column-wise grouping encourages sparsity across
all entries of a column of � simultaneously, and a column
of � set to zero indicates that no interference is estimated
across any channel in that observation.

The rest of this paper proceeds as follows. In the next
subsections of this section, we introduce our signal model,
an optimization problem which defines a robust estimator
for the signal subspace using this model, and summarize
our main results. Section2 focuses on solving this optimiza-
tion problem, where we present an iterative algorithm which
exploits the unique structure of sparsity-inducing penalties
applied to signal subspace estimation.We also present a con-
vergence result for this algorithm. Section3 examines the
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statistical error of our estimator. We provide results for tun-
ing the estimator to accommodate different levels of tolerance
for interference and provide a bound on its false discovery
rate—the expected proportion of incorrectly identified obser-
vations among those estimated to contain interference. In
Sect. 4, we conduct a number of simulations to demonstrate
the performance of our estimator under a variety of condi-
tions. Section5 concludes the paper. Proofs which are not
included in the main text are relegated to the Supplementary
Material.

Notation. Before proceeding, we establish some notation
that we will use throughout the paper. We denote matrices by
capital letters (both Latin and Greek) and column vectors by
lower case letters. We denote by ‖ ·‖2F the squared Frobenius
norm and by ‖ · ‖22 the squared Euclidean norm. Given a
matrix X , we denote the column space of X by col(X) and
the matrix that orthogonally projects onto col(X) by PX .
Denote by xi the i th entry of a vector x and, when xi is
complex-valued, |x |i the modulus of its i th entry. For a real-
valued vector x , we denote by x(i) the i th order statistic of x ,
so that (x(1), x(2), ...) gives the entries of x in nondecreasing
order. We denote the set of natural numbers {1, . . . , n} by
[n]. The transpose and conjugate-transpose of a matrix X are
denoted X� and X∗, respectively. For X ∈ C

m×n , we denote
by �X� ∈ R

n the vector consisting of the Euclidean norms of
each column of X . We also denote the i th column of X as Xi .
We denote the multivariate normal distribution, with mean
μ ∈ R

n and symmetric covariance matrix � ∈ R
n×n by

N (μ,�), and we denote the complex multivariate normal
distribution with mean μ ∈ C

n and Hermitian covariance
matrix � ∈ C

n×n by CN (μ,�). By In , we denote the n × n
identitymatrix. Finally, for x ∈ C

n andλ ∈ R
n , we denote by

‖x‖�,λ the SLOPE norm of x , defined as the value ‖x‖�,λ =
∑n

i=1 λ(i)|x |(i).

1.1 Signal model

Assume the following narrowband signal model,

x(t) = A0 s(t) + ε(t) + δ(t). (5)

The received signal x(t) ∈ C
m is the output of an m ele-

ment array in IQ format. The signal of interest s(t) ∈ C
d

contains d sources, where d < m. The time-independent
matrix A0 ∈ C

m×d maps the signal s(t) to array measure-
ments based on array geometry, signal frequency, and the
time-independent directions of arrival of the signals from
each source. We assume throughout that A0 is full column
rank. The noise term ε(t) is a random m dimensional signal
for which ε(t1) and ε(t2) are independent whenever t1 �= t2.
The interference term δ(t) ∈ C

m is a deterministic signal
that is sparse in time, meaning that it is frequently the zero

vector. As in (1), in (5) only x(t) and d are known and we
seek to estimate col(A0).

1.2 SLOPE and group SLOPE

The assumption that δ(t) in (5) is sparse leads to the following
goal: given a set of observations from the sensor array, find
the subset of observations for which δ(t) is nonzero. Since
these observations feature an interfering signal of unknown
nature, they should not be used to estimate properties of the
signal of interest. Therefore estimating the sparsity pattern of
δ(t)—the values of t for which it is nonzero—is the primary
consideration.

Sparse estimation methods are often computationally bur-
densome because the sparsity pattern is selected from all
subsets of observations, a set which grows exponentially in
the number of observations. A popular method to reduce
these computational challenges is to estimate sparsity using
an optimization problem which features a sparsity-inducing
regularizer in addition to a data-fidelity term (Wainwright
2019). The most widely known of these regularized estima-
tion methods is likely the LASSO (Tibshirani 1996), which
adds an �1 penalty to an objective function (often least
squares)which incentivizes goodmodel fit. Since theLASSO
penalty is convex, adding it to a convex objective function
results in a convex optimization problem that can be solved
quickly for large numbers of observations.

Despite its strengths, using LASSO for sparse estimation
does not naturally yield finite sample bounds on the false
positive or false negative error rates of the estimator. To
overcome these limitations, Bogdan et al. (2015) introduced
the SLOPE penalty, which, for a nonnegative penalty vector
λ ∈ R

n having at least one positive entry, is defined as

‖x‖�,λ =
n

∑

i=1

λ(i)|x |(i), (6)

where x is any vector inCn and |x |(i) the i th order statistic of
(|x1|, . . . , |xn|). By taking all entries of λ the same, the group
SLOPE definition in (8) reduces to group LASSO. However,
these varied λ values are key to group SLOPE’s advantage
over group LASSO as an adaptive penalty because it results
in larger column norms being penalized more heavily.

In the restricted setting of least squares estimation with
orthogonal design matrices and additive Gaussian noise, the
SLOPE penalty can be shown to control the expected false
positive rate of the estimator (Bogdan et al. 2015). The
SLOPE penalty is also convex (see Bogdan et al. 2015,
Proposition 1.2), so it retains the attractive computational
benefits of the LASSO penalty. Additionally, the authors
give a fast algorithm for computing the SLOPE penalty’s
proximal operator, a computational primitive used in many
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nonsmooth optimization methods (Parikh et al. 2014). The
SLOPE penalty’s proximal operator is denoted Prox‖·‖λ,� and
defined as

Prox‖·‖λ,� (x) = argmin
w∈Rd

‖x‖λ,� + 1

2
‖x − w‖22. (7)

In the context of array signal processing, observations are
vector-valued, so we must use a vector-valued extension to
the SLOPE penalty. Let X ∈ C

m×n and λ ∈ R
n be a vector

of nonnegative values. The group SLOPE norm of X , with
penalty vector λ, is defined as the SLOPE norm applied to the
vector �X� consisting of the columnwise Euclidean norms of
X . That is,

∥
∥�X�

∥
∥

�,λ
=

n
∑

i=1

λ(i)�X�(i). (8)

The group SLOPE penalty was first introduced in Gossmann
et al. (2015). In Brzyski et al. (2019) a closely related penalty
was shown to satisfy a similar false discovery rate bound as
the (non-group) SLOPE penalty, again under the restrictive
setting of Gaussian noise and least squares estimation with
an orthogonal design matrix.

1.3 Robust estimator for the signal subspace

Let X ∈ C
m×n denoten observations of x(t) from (5) at times

t1, ..., tn , where the observations are stacked as columns.
Denote by S ∈ C

d×n and � ∈ C
m×n decision variables with

columns that give the values of the signal of interest s(t) and
interference term δ(t), respectively, for each of the n observa-
tions in X . For a penalty vector λ, which will be specified in
Sect. 3, we form estimators Â, Ŝ, and �̂ as minimizers of the
following group SLOPE regularized least squares problem,

min
A,S,�

‖X − AS − �‖2F + ∥
∥���

∥
∥

�,λ
. (9)

The least squares portion of problem (9) is a data fidelity
term which encourages Â, Ŝ, and �̂ to be chosen so that
Â Ŝ + �̂ is close to X . The group SLOPE term is a reg-
ularizer that encourages solution structure based on a priori
information on the signal. In this case, the group SLOPE reg-
ularizer encourages solutions for which �̂ is column sparse,
based on the assumption in (5) that δ(t) is frequently the zero
vector.

1.4 Summary of main results

We solve (9) using alternating minimization in � and A,
since S can be eliminated as a decision variable. Alternating
minimization is especially promising since its per-iteration

complexity is low. We also prove the convergence of alter-
nating minimization to a critical point of problem (9).

Contribution 1 (Computation). The sequence of iterates
produced by applying alternating minimization in � and A
to (9) is guaranteed to have a limit point, and each limit
point is a local minimum of (9). Each iteration of alternating
minimization (updating both A and �) requires O(n log n+
n(d2 + md + m log(d)) + md2) flops.

In addition to considering the numerical error associated
with computing the estimator in (9), we also consider its sta-
tistical error—howwell it estimates the unknown quantity of
interest. We focus on detecting which observations feature
nonzero interference, and measure the estimator’s perfor-
mance by bounding its false discovery rate—the expected
proportion of observations which are incorrectly identified
as containing interference.

Contribution 2 (Statistical Error). Given a desired false
discovery rate q ∈ (0, 1) and a fixed estimate of the signal
subspace, we provide a choice of the penalty vector λ for
which the estimator (9) has false discovery rate bounded by
q. This λ vector depends only on q and the root mean square
amplitude of A0 s(t) + ε(t), the received signal without
interference, contained within the estimated noise subspace.
Unlike previous false discovery rate results using a group
SLOPE penalty (Brzyski et al. 2019), our result holds for
non-Gaussian noise and without additional restrictions on
the observations.

2 Computation

In this section we propose and analyze an iterative algorithm
for computing minimizers of (9). We prove that sequences
produced by the algorithm have limit points, and that these
limit points are local minimizers of (9).

The fact that these minimizers are local and not global is a
result of the nonconvexity in (9). However, the local nature of
solutions can be advantageous in situations where the signal
of interest and interfering signal are not clearly defined a
priori. For example, if a practitioner wishes to estimate the
signal subspaces of two sparse signals, then by running the
algorithmwith different initial values the iterates can bemade
to converge to different critical points which give the signal
subspace for each of the signals.

To formulate our algorithm for solving (9), we first elimi-
nate the S variable from (9) by noting that it can be rewritten

min
A,�

{

min
S

{

‖X − AS − �‖2F
}

+ ∥
∥���

∥
∥

�,λ

}

. (10)

The inner minimization in S has the closed-form minimizer
Ŝ = (A∗A)−1A∗(X − �). Substituting this value into (10),
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we have

min
A,�

‖(I − PA)(X − �)‖2F + ∥
∥���

∥
∥

�,λ
, (11)

where PA = A(A∗A)−1A∗. Since there is a one-to-one
correspondence between subspaces and projection matrices
(Golub and Van Loan 2013), it is natural that problem (11)
uses PA in its objective function instead of A. For a given PA,
the A for which PA = A(A∗A)−1A∗ is nonunique, because
anym×d matrix with left singular vectors that span col(PA)

produces the sameprojectionmatrix. For this reason,we refer
to optimal choices of either A or PA as solutions to (11), with
the understanding that the correspondence between A and PA

is well-understood despite being nonunique.
We apply alternating minimization to problem (11). For

fixed A, minimization in � is a convex program because the
group SLOPE norm is convex. Through a series of reduc-
tions, we show that this convex program can be solved by
computing a single evaluation of the SLOPE norm’s proxi-
mal operator, which can be computed in n log n flops using
the algorithm in Bogdan et al. (2015). On the other hand, for
fixed �, minimization in A results in I − PA chosen as the d
largest singular vectors of X −�. We formalize these results
in the following theorems, the proofs of which are postponed
to the supplementary material.

Theorem 1 The problem

min
�

‖(I − PA)(X − �)‖2F + ∥
∥���

∥
∥

�,λ
(12)

has minimizer �̂ that can be defined columnwise as

�̂i = ĉi
‖(I − PA)Xi‖2 (I − PA)Xi , ∀i ∈ [n]. (13)

The vector ĉ ∈ R
n in (13) is defined as

ĉ = Prox‖·‖�,λ (�(I − PA)X�), (14)

the proximal operator of the SLOPE norm applied to the
column norms of (I − PA)X.

Theorem 2 Let Ũ �̃Ṽ ∗ be a rank-d truncated singular value
decomposition of X −�. Then Ũ is a minimizer of the prob-
lem

min
A∈Cm×d

‖(I − PA)(X − �)‖2F . (15)

Algorithm 1 gives our proposed alternating minimization
algorithm for solving (11), including the simplifications of
each of the subproblems provided by Theorems 1 and 2.
Since computation of the truncated SVDwith rank d requires
O(mn log(d) + d2(m + n)) flops (Halko et al. 2011), the

proximal algorithm of the SLOPE norm from Bogdan et al.
(2015) requires O(n log n) flops, and the matrix multiplies,
when grouped appropriately, require O(dmn) flops, we con-
clude that each iteration of Algorithm 1 requires

O(n log n + n(d2 + md + m log(d)) + md2)

flops. In practice n � m � d, so the n log n dependence on
n and linear dependence on m are attractive features of the
algorithm’s per-iteration complexity.

Algorithm 1 Alternating minimization algorithm for (11).
1: procedure AltMin(X)
2: �̂ ← 0
3: repeat
4: Â ← SVD(X − �̂, d) 
 Assign d leading left singular

vectors to A.
5: PÂ ← Â Â∗
6: ĉ ← Prox‖·‖�,λ (�(I − PÂ)X�) 
 Compute the SLOPE prox of

the column norms of (I − PÂ)X .

7: �̂i ← ĉi∥
∥(I−PÂ)Xi

∥
∥
2
(I − PÂ)Xi , ∀i ∈ [n] 
 Use Theorem 1

to compute (12).
8: until convergence
9: return Â, �̂

10: end procedure

1: function SVD(M , k)
2: return Ũ , where Ũ �̃Ṽ ∗ is the rank-k truncated singular value

decomposition of M
3: end function

1: function Prox‖·‖�,λ (w)

2: returnThe proximal operator of the SLOPE norm, ‖·‖�,λ, applied
to w. See (Bogdan et al. 2015).

3: end function

The initialization of �̂ = 0 in Algorithm 1 is one of many
sensible options. To estimate the interference term of a non-
dominant signal, one could instead initialize Â to any matrix
for which col( Â) approximates the signal subspace of inter-
est. The �̂ term would be updated to detect interference for
that given Â matrix, and then both Â and �̂ continue to be
updated until the algorithm converges. If �̂k and Âk give the
values of �̂ and Â after k iterations of Algorithm 1, then a
natural stopping condition is to specify some tolerance η and
terminate the algorithm when

‖�̂k+1 − �̂k‖F < η and ‖ Âk+1 − Âk‖F < η. (16)

We next establish convergence theory for Algorithm 1.
First, we define our notion of optimality. Let X be a Hilbert
space, and C ⊆ X a convex set. Let f : X → R be a
continuously differentiable function. Recall that a point x̂ ∈
X is said to be a critical point of the constrained optimization
problem minx∈C f (x) if 〈∇ f (x∗), y − x∗〉 ≥ 0 for every
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y ∈ C. A limit point of a sequence xn ⊆ X is a point x ∈ X
such that xn has a subsequence that converges to x .

The optimization problem (11), which defines our esti-
mator, can be reformulated as a constrained problem with
convex feasible set and continuously differentiable objective
by introducing a scalar variable b and writing

min
A,�,b

‖(I − PA)(X − �)‖2F + b

s.t.
∥
∥���

∥
∥

�,λ
≤ b. (17)

Anyoptimal solution to this problemwill clearly haveb attain
its lower bound of ‖�‖�,λ, which establishes the equivalence
between problems (11) and (17). This constrained problem
makes stating our next theorem, which gives the conver-
gence properties of Algorithm 1, more convenient. Its proof
is deferred to the appendix.

Theorem 3 The sequence of iterates produced by Algorithm
1 has at least one limit point. Each limit point is a critical
point of (17).

We can directly interpret the critical point condition of the
constrained problem from (17) in the context of the uncon-
strained problem from (11). Denote the objective function in
(17) by f (A,�)+b, and denote by∇A and∇� the gradients
with respect to A and �, respectively. Then the critical point
condition is

〈∇A f ( Â, �̂), A− Â〉+ 〈∇� f ( Â, �̂),�− �̂〉+ b− b̂ ≥ 0,

(18)

for all (b,�) with b ≥ ∥
∥���

∥
∥

�,λ
. A necessary condition for

optimality is b̂ = ‖��̂�‖�,λ, so (18) implies

〈∇A f ( Â, �̂), A − Â〉 + 〈∇� f ( Â, �̂),� − �̂〉 (19)

+ ‖���‖�,λ − ‖��̂�‖�,λ ≥ 0. (20)

Line (19) is a first-order approximation of f (A,�) −
f ( Â, �̂). Using a Taylor series expansion, the inequality in
(19)-(20) gives that

f (A,�) − f ( Â, �̂) + ‖���‖�,λ − ‖��̂�‖�,λ (21)

≥ o(‖A − Â‖F + ‖� − �̂‖F ). (22)

So, as ‖A − Â‖F + ‖� − �̂‖F → 0,

lim inf f (A,�) + ‖���‖�,λ ≥ f ( Â, �̂) + ‖��̂�‖�,λ. (23)

Inequality (23) demonstrates that any critical point of (17)
has no local descent directions for problem (11), so it is a
local minimizer. Therefore, by Theorem 3, each limit point
produced by Algorithm 1 is a local minimizer of (11).

3 Statistical performance

In this section, we examine the statistical error of estimators
derived from minimizing (11). Since our primary goal is to
identify observationswhich feature interference, we focus on
the support of �̂—the set of columnswhich are not estimated
to be the zero vector. The problem of correctly identifying
whether each observation in a sample contains nonzero inter-
ference is a sequence of hypothesis tests. In the context of
detecting interfered observations, we take the null hypothesis
to be the assertion that a certain observation does not contain
interference, and take as alternative hypothesis the assertion
that the interference term is nonzero for that observation.
Since larger penalty values encourage sparsity, selecting the
entries of λ larger results in an estimate �̂withmore sparsity,
so that fewer observations are estimated to contain interfer-
ence. On the other hand, choosing the λ vector with smaller
entries results in an estimate �̂ with more nonzero entries,
meaning that more observations are identified as contain-
ing interference. An ideal λ vector is one which achieves
an appropriate balance between false positive errors, where
observations are incorrectly identified as containing inter-
ference, and false negative errors, where observations are
incorrectly identified as containing no interference.

A common way to measure error across a sequence
of hypothesis tests is the false discovery rate, abbreviated
FDR (Efron and Hastie 2021). The FDR is defined as the
expected false positive rate–the number of incorrectly dis-
carded observations divided by the total number of discarded
observations. If �̃ is any estimate of a true interference term
�0, then the false discovery rate of �̃ is

FDR = E

⎡

⎣

∣
∣
∣

{

i ∈ [n] : ��0�i = 0 and ��̃�i �= 0
}∣
∣
∣

max
{∣
∣
∣

{

i ∈ [n] : ��̃�i �= 0
}∣
∣
∣ , 1

}

⎤

⎦ . (24)

Our next result gives a prescription for the λ vector in
(11) based on a desired false discovery rate. This yields an
estimator which has a false discovery rate that is bounded
above by the desired quantity.

Theorem 4 Consider n observations from the statistical
model (5), of which n0 have δ(t) = 0. Let Â be a nonrandom
estimate of A0 and q ∈ (0, 1) the desired false discovery rate.
Take the parameter vectorλ in the group SLOPEpenalty such
that

λ(n−r+1) = max
i∈[n]

{

F−1
‖((I−PÂ)(A0s(ti )+ε(ti ))‖

(

1 − q r

n

)}

, (25)

where F−1
‖((I−PÂ)(A0s(ti )+ε(ti ))‖ denotes the quantile function

of the random variable ‖((I − PÂ)(A0s(ti ) + ε(ti ))‖. Then
the false discovery rate for testing � �= 0 is bounded above
via
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FDR ≤ q
n0
n

. (26)

Theorem 4 gives that, for a fixed estimate of A0, the λ

vector should be chosen based on the desired FDR bound
and the root mean square of the signal within the estimated
noise subspace assuming no interference. In particular, the λ

vector should be chosen via quantiles of the norm of the sig-
nal contained within the estimated noise subspace to obtain
the desired FDR guarantee. In the case that ε(ti ) is a mean
zero and isotropic complex Gaussian random variable, these
are the quantiles of a scaled noncentral χ distribution. Con-
sidering the optimistic setting where Â perfectly estimates
A0, we have (I − PÂ) A0s(ti ) = 0 so the A0s(ti ) term in
(25) vanishes and the quantiles can be chosen from a scaled
χ distribution with degree of freedom equal to 2(m − d).
The scaling of the χ distribution is then only a function of
the scalar-valued scaling of the identity matrix in the covari-
ance of ε(ti ). We summarize this important special case in
the following corollary.

Corollary 1 In the context of Theorem 4, assume Â = A0

and ε(ti ) ∼ CN (0, σ 2Im) for all i ∈ [n]. Take the parameter
vector λ in the group SLOPE penalty such that

λ(n−r+1) = σ
√
2

2
F−1

χk

(

1 − q r

n

)

, (27)

where F−1
χk

denotes the quantile function of a χ distributed
random variable with k = 2(m − d) degrees of freedom.
Then the bound on the false discovery rate in (26) holds.

Remark The
√
2/2 scaling in (27) accounts for the fact that

the real and imaginary components of a standard complex
Gaussian are independent Gaussian variables with zeromean
and variance 1/2. See (Goodman, 1963) for details. If the real
and imaginary components of ε are independent N (0, σ 2Im)

random vectors, then (27) becomes

λ(n−r+1) = σ F−1
χk

(

1 − q r

n

)

. (28)

In the experiments that follow, wewill choose the λ vector
according to Corollary 1. From the assumptions required for
this result, we see that it may fail in cases where our estimate
Â is far from A0. In those cases, the algorithm has converged
to a stationary point far from A0. As we describe in the next
section, this failure case is unlikely and only occurs when a
large proportion of the observations feature interference.

4 Experiments

In this section,we perform a number of experiments designed
to demonstrate the statistical and computational efficiency of

the estimator proposed in (11) and computed with Algorithm
1. We choose the penalty vector λ vector according to (27)
and the stopping condition from (16) with η = 10−6. For
the sake of scientific reproducibility, a program to reproduce
all results in this section can be found on the first author’s
website.

Throughout this section our experiments will take the fol-
lowing form; simulate

x(t) = A0 s(t) + ε(t) + δ(t) (29)

under the assumption of one target signal of interest and
a 50 channel array. Therefore s(t) ∈ C, x(t) ∈ C

50, and
A0 ∈ C

50×1. We set additional sensor and signal parameters
according to typical values one might encounter in underwa-
ter acoustics (Rossing 2007), though our methodology is not
limited to this domain. We take the signal of interest to be a
300 Hz sine wave with unit amplitude, and we assume that
the sensor array has a sampling rate of 10 kHz. The noise term
will be independent and identically distributed isotropic com-
plex Gaussian, ε(t) ∼ CN (0, σ 2

ε I50), for each t . Throughout
the following subsections, we take σε = √

2/2, so that the
signal to noise ratio without interference is 10 log(2) dB. We
will change the intensity of the interference term δ(t), its
sparsity level, and its nature (by considering both directed
and undirected interference) throughout our experiments.

We construct A0 from the geometry of a uniform linear
array with quarter-wavelength spacing. In order to have an
easily interpretable metric for our ability to estimate a sig-
nal subspace, we will focus on estimating the direction of
arrival of the signal of interest. Throughout, we take the true
direction of arrival for the 300 Hz signal of interest to be
π/4 radians from the axis defining the sensor array. After
using the estimator in (11) to estimate the observations with
nonzero interference, we produce a direction of arrival esti-
mate by using the conventional signal subspace estimator (2)
with those observations discarded.

4.1 Random interference

In this section we choose parameters p ∈ [0, 1] and σδ > 0,
and then for each t take δ(t) = r(t)ξ(t), where r(t) ∼
Bernoulli(p) and ξ(t) ∼ CN (0, σ 2

δ I50). Phrased differently,
interference is nonzerowith probability p, and nonzero inter-
ference takes the form of a mean zero and isotropic complex
Gaussian with variance parameter σ 2

δ . We take q, the desired
false discovery rate, to be 0.1, and generate the penalty vector
λ according to Corollary 1. We assume 10 seconds worth of
data from the sensor array (corresponding to 100, 000 vector-
valued observations).

The estimator in (11) performs very well in this setting for
a wide range of parameters σδ and p. For an initial example,
taking σδ = √

2 and p = .33 results in an estimator which

123



6 Page 8 of 16 Statistics and Computing (2025) 35 :6

Table 1 Confusion matrix for detecting which observations contain
interference, where σδ = √

2 and p = .33. In this example, the true
direction of arrival is π/4

Estimation
No Interference Interference

Truth No Interference 64,726 2326

Interference 0 32,948

Table 2 Direction of arrival estimation with random interference,
where σδ = √

2 and p = .33

All Observations Our Method Truth

0.24968π 0.24973π .25π

has confusion matrix given in Table 1 and direction of arrival
estimate given in (Table 2). It is remarkable that the estimator
produces no false negatives. The false positive rate for this
example is ≈ 0.066, well below our desired false discovery
rate of q = 0.1.

For σε = √
2/2 and σδ = √

2, Fig. 1a gives false positive
and false negative rates as a function of p. Figure1b gives
the false positive and false negative rate as a function of σδ .
In both figures the false negative rate is extremely small,
while the false positive rate is well below the desired rate
of q = 0.1. The case for varying p is especially interesting
because one might expect that more interference (larger p)
would lead to more errors. Instead, the false positive rate
decreases linearly as the proportionof interferedobservations
increases, which is consistent with role of n0 in the FDR
bound (26). Large values of σδ , which result in a small signal
to interference ratio, have no visible effect on either the false
positive or false negative rates.

4.2 Directed interference with random amplitude

In our next set of experiments, we consider the setting of
interference along a fixed direction of arrival with random
amplitude. We take δ(t) = r(t) |ξ(t)| B, where r(t) ∼
Bernoulli(p) and ξ(t) ∈ N (0, σ 2

δ ). The fixed matrix B ∈
C
m×1 is the array response vector for a signal with direction

of arrivalπ/2. Thus, this experiment captures an interference
term which is nonzero with probability p. Nonzero interfer-
ence has amplitude which takes random values according
to scaled χ distribution, and fixed direction of arrival π/2.
We take the noise term ε(t) ∼ CN (0, σ 2

ε I50) for all t , with
σε = √

2/2 as in Sect. 4.1.
Table 3 gives the confusion matrix for an experiment con-

ducted with p = 0.1 and σδ = √
2. The false positive rate of

≈ 0.106 is quite close to 0.1, our desired bound on the false
discovery rate. In this experiment we also have some false
negatives, which results in ≈ 4% of observations estimated

Table 3 Confusion matrix for detecting which observations contain
interference, where σδ = √

2 and p = 0.1. In this example the true
direction of arrival is π/4

Estimation
No Interference Interference

Truth No Interference 89,349 729

Interference 3793 6129

Table 4 Direction of arrival estimation with random amplitude inter-
ference, where σδ = √

2, and p = 0.1

All Observations Our Method Truth

0.2597 π 0.2506 π .25π

to not contain interference actually containing nonzero inter-
ference. Empirically, these observations are situations where
the amplitude |ξ(t)| of the interference term is small, so that
interference is more easily confused with the noise term ε(t).
This is clear from the fact that the impact on the direction of
arrival estimate is minimal–the direction of arrival estimate
when discarding the observations estimated to contain inter-
ference is 0.2506π , which is quite close to true value of π/4
and better than the 0.2597π estimate generated from using
all observations (Table 4).

Figure2 examines the false positive rate and false nega-
tive rate for a wide range of p and σδ values. In Fig. 2a, the
clear trend is that increasing the proportion of observations
containing interference results in an increase in both false
positive and false negative rates. For p < 0.2, where (in
expectation) less than 20% of observations contain interfer-
ence, the false positive rate is only slightly above our desired
bound of q = 0.1, and the false negative rate slightly below
that, but p > 0.2 results in a rapid increase in both error rates.
Unsurprisingly, detecting which observations contain inter-
ference is more difficult when interference occurs in higher
proportion of observations.

For fixed p = 0.1 and σδ varying, Fig. 2b demonstrates
that increasing the amplitude of the interfering signal results
in a slightly increased false positive rate, while the false neg-
ative rate decreases. This is especially promising because
impulse noise is often extremely sparse with heavy tails,
so the fact that our estimator has only minimal loss of per-
formance for sparse interference containing extreme values
confirms its utility in those settings.

4.3 Directed interference with constant amplitude

For our final set of experiments, we consider directed inter-
ference with constant amplitude. That is, we take δ(t) =
r(t) B sδ , where r(t) ∼ Bernoulli(p) and sδ ∈ R is some
constant. As in section 4.2, the matrix B is the array response
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Fig. 1 False positive and false
negative rates for the random
interference experiments of
Sect. 4.1. a Fixed σδ and varying
p. b Fixed p and varying σδ

Table 5 Confusion matrix for detecting which observations contain
interference, where sδ = 1.0 and p = 0.1. In this example, the true
direction of arrival is π/4

Estimation
No Interference Interference

Truth No Interference 88,768 1310

Interference 0 9922

Table 6 Direction of arrival estimation with random amplitude inter-
ference, where sδ = 1.0 and p = 0.1

All Observations Our Method Truth

0.2622 π 0.2494 π .25π

vector for a signal with direction of arrival π/2 relative to the
axis of the uniform linear array.

Table 5gives the confusionmatrix for one such experiment
conducted with p = 0.1 and sδ = 1.0, and Table 6 gives the
direction of arrival estimate for the same choice of p and sδ .

Figure3 gives directed interference results for varying p
and sδ . In Fig. 3a, with sδ fixed at 1.0, we see that the false

positive rate is near our desired boundofq = 0.1 for p ≤ 0.1,
but that increasing the probability of nonzero interference
beyond 0.1 results in a rapid increase in the false positive rate.
Unlike Fig. 2a, the false positive rate increases while the false
negative rate stays small. Since all errors are false positives
we see a more rapid rise in false positive rate than in Fig. 2a,
so that at p = 0.3 we have 50% of observations estimated to
contain interference actually contain no interference.

The situation for high amplitude interference confirms the
trend observed in Figs. 1b and 2b. In Fig. 3b, we see that high
powered interference results in only a small increase to the
false positive rate. In particular, we see that the false positive
rate only increases to 0.125 from our desired bound of 0.1
when the amplitude of the interference term is five times
larger than the signal of interest.

4.4 Computational efficiency

We conclude this section with empirical evidence of the
computational efficiency of Algorithm 1. Figure4 displays a
histogramof running times for the algorithm in the 154 exper-
iments conducted in subsects. 4.1–4.3. The reported times are
using a Python/Cython implementation of Algorithm 1 on a
laptop with Intel(R) Core(TM) i9-9980HK processor run-
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Fig. 2 False positive and false
negative rates for the random
amplitude experiments of Sect.
4.2. a Fixed σδ and varying p. b
Fixed p and varying σδ

ning at 2.40 GHz, 64.0 GB RAM, and Debian 11 operating
system.

Recall that for all simulations in this section, we have
assumed a sampling rate of 10 kHz and taken 100k obser-
vations corresponding to 10s worth of data. This sampling
rate is typical of what one might see in underwater acoustics
applications. In the context of analyzing 10sworth of stream-
ing data, the running times given in Fig. 4 are promising
because they suggest that our proposed method for detecting
interference could be used in real-time settings. Algorithm
1 runs in less than 6 seconds for all of the computational
experiments in this section, with the vast majority complet-
ing in less than 3 seconds. Since the running time for the
algorithm is much less than the 10s of data collected, our
estimator is appropriate for use with streaming data. In those
settings, running times could likely be further improved using
hardware-specific implementations.

5 Conclusion

In this paper, we propose a SLOPE-regularized estimator
for signal subspace estimation in the presence of impulsive

noise. We provide an alternating minimization algorithm for
computing this estimator. We show that limit points of this
algorithm exist and are local minimizers of the optimization
problem which defines the estimator. Once an observation
is estimated to contain nonzero interference, we propose to
discard that observation and estimate the signal subspace on
the remaining observations using one of a number of con-
ventional signal subspace estimation methods. To justify the
use of our estimator, we prove a result which provides finite
sample control on the false discovery rate of the estimator—
the expected ratio of incorrectly discarded observations to
the total number of discarded observations. As opposed to
previous false discovery rate results for group SLOPE norm
regularized estimators, our result holds without any addi-
tional conditions on the distribution of the noise term or
orthogonality of the designmatrix.We conclude with numer-
ous simulations which test the performance of our estimator
under a variety of conditions. These simulations support the
efficacyof our proposed estimator for detecting and removing
sparse interference in the context of signal subspace estima-
tion.
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Fig. 3 False positive and false
negative rates for the directed
experiments of Sect. 4.3. a
Fixed sδ and varying p. b Fixed
p and varying sδ

Fig. 4 Histogram of running
times for experiments in sects.
4.1–4.3

A Proofs for Section 2 (Computation)

Theorem 1 The problem

min
�

‖(I − PA)(X − �)‖2F + ∥
∥���

∥
∥

�,λ
(12)

has minimizer �̂ that can be defined columnwise as

�̂i = ĉi
‖(I − PA)Xi‖2 (I − PA)Xi , ∀i ∈ [n]. (13)

The vector ĉ ∈ R
n in (13) is defined as

ĉ = Prox‖·‖�,λ (�(I − PA)X�), (14)

the proximal operator of the SLOPE norm applied to the
column norms of (I − PA)X.

Proof Consider our objective functionwhenminimizingover
� for fixed A,

min
�

n
∑

i=1

‖(I − PA)(Xi − �i )‖22 +
n

∑

i=1

λ(i)���(i). (30)
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Denote by �(i) the ith largest column of �, with the order-
ing induced by column norms. Applying the Pythagorean
theorem, (30) becomes

min
�

n
∑

i=1

‖(I − PA)(Xi − �i )‖22

+
n

∑

i=1

λ(i)

√
∥
∥PA�(i)

∥
∥2
2 + ∥

∥(I − PA)�(i)
∥
∥2
2,

from which we see that a necessary condition for minimiza-
tion in � is PA�(i) = 0 for all i ∈ [n]. Thus (30) reduces
to

min
�

n
∑

i=1

‖(I − PA)(Xi − �i )‖22

+
n

∑

i=1

λ(i)�(I − PA)��(i). (31)

Introduce the auxiliary vector c ∈ R
n with c(i) = ‖(I −

PA)�(i)‖, and rewrite (31) as the constrained problem

min
c,�

{ n
∑

i=1

‖(I − PA)(Xi − �i )‖22

+
n

∑

i=1

λ(i)c(i)

}

s.t. c(i) = ‖(I − PA)�‖(i), ∀i ∈ [n].

Expanding the quadratic and neglecting constant terms, we
have

min
c,�

{ n
∑

i=1

c2i − 2� [

((I − PA)Xi )
∗ ((I − PA)�i )

]

+
n

∑

i=1

λ(i)c(i)

}

(32)

For fixed c, minimizing in � using the Cauchy-Schwarz
inequality gives

(I − PA)�i = ci
‖(I − PA)Xi‖2 (I − PA)Xi . (33)

Since we have previously shown that PA�i = 0 is a nec-
essary condition for � to minimize (30), we conclude that

�i = ci
‖(I − PA)Xi‖2 (I − PA)Xi . (34)

Substituting (34) into (32) yields

min
c∈Rn

n
∑

i=1

c2i − 2ci ‖(I − PA)Xi‖2 +
n

∑

i=1

λ(i)c(i), (35)

which, completing the square, is equivalent to the following,

min
c∈Rn

∥
∥c − �(I − PA)X�

∥
∥2
2 + ‖c‖�,λ. (36)

The problem (36) is the proximal operator of ‖·‖�,λ evaluated
at �(I − PA)X�. Combined with (34), this proves the result.

��
Theorem 2 Let Ũ �̃Ṽ ∗ be a rank-d truncated singular value
decomposition of X −�. Then Ũ is a minimizer of the prob-
lem

min
A∈Cm×d

‖(I − PA)(X − �)‖2F . (15)

Proof Denote the full SVD of X − � byU�V ∗, and the i th
entry along the diagonal of � by σi . Note that plugging in Ũ
to this objective yields

∥
∥
∥(I − Ũ (Ũ∗Ũ )−1Ũ∗)(X − �)

∥
∥
∥

2

F
(37)

=
∥
∥
∥(I − ŨŨ∗)U�V ∗

∥
∥
∥

2

F
(38)

=
∥
∥
∥
∥
∥
(I −

d
∑

i=1

UiU
∗
i )(

m
∑

i=1

Uiσi V
∗
i )

∥
∥
∥
∥
∥

2

F

(39)

=
∥
∥
∥
∥
∥

m
∑

i=1

Uiσi V
∗
i −

d
∑

i=1

Uiσi V
∗
i

∥
∥
∥
∥
∥

2

F

(40)

=
∥
∥
∥
∥
∥

m
∑

i=d+1

Uiσi V
∗
i

∥
∥
∥
∥
∥

2

F

(41)

= Tr

[

(

m
∑

i=d+1

Uiσi V
∗
i )(

m
∑

i=d+1

ViσiU
∗
i )

]

(42)

= Tr

[
m

∑

i=d+1

Uiσ
2
i U

∗
i

]

(43)

=
m

∑

i=d+1

Tr
[

σ 2
i U

∗
i Ui

]

(44)

=
m

∑

i=d+1

σ 2
i . (45)

Therefore,

min
A∈Cm×d

‖(I − PA)(X − �)‖2F ≤
m

∑

i=d+1

σ 2
i . (46)

We will next show that

min
A∈Cm×d

‖(I − PA)(X − �)‖2F ≥
m

∑

i=d+1

σ 2
i , (47)
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which demonstrates that Ũ minimizes (15).
Recall that an orthogonal projection matrix has the same

rank as the dimension of the space it projects onto. Also, for
any conformable matrices A and B, rank(AB) ≤ rank(A).
Then by the Eckhart-Young Theorem (Golub and Van Loan
2013),

min
A∈Cm×d

‖(I − PA)(X − �)‖2F (48)

= min
A∈Cm×d

‖(X − �) − PA(X − �)‖2F (49)

≥ min
B∈Cm×n

rank(B)≤d

‖(X − �) − B‖2F (50)

=
m

∑

i=d+1

σ 2
i . (51)

This proves the result. ��
Theorem 3 The sequence of iterates produced by Algorithm
1 has at least one limit point. Each limit point is a critical
point of (17).

Proof The proof will proceed in the following steps. First,
we note that

(Pk
A,�k)∞k=1 ⊆
{

(PA,�) : ‖(I − PA)(X − �)‖2F + ‖���‖�,λ

≤
∥
∥
∥(I − P0

A)(X − �0)

∥
∥
∥

2

F
+ ‖��0�‖�,λ

}

. (52)

for any choice of initialization (P0
A,�0). Inclusion (52) fol-

lows from the fact that the objective function in (17) is
nonincreasing after each update of � and PA. Denote by
Gr(d,m) ⊆ C

m×m the set of m × m orthogonal projec-
tion matrices which project onto a subspace of dimension of
d (this is the set of Hermitian, idempotent matrices M for
which dim(col(M)) = d). We show that for any α ∈ R,

{

(PA,�) : PA ∈ Gr(d,m),

‖(I − PA)(X − �)‖2F + ‖���‖�,λ ≤ α

}

(53)

is compact. By the Heine Borel theorem, we can conclude
that (Pk

A,�k)∞k=1 has a limit point. Finally, to show that each
limit point is a critical point, we reformulate the alternating
minimization subproblem in PA over a convex constraint set,
so that Grippo and Sciandrone (2000), Corollary 2 gives that
any limit point of alternating minimization is a critical point.

Fix α ∈ R. We want to show that the set (53) is compact.
Since the empty set is compact, it suffices to only consider α

such that the set in (53) is nonempty. Since this set is finite-
dimensional, it suffices to show that it is closed and bounded.
The set in (53) is compact because it can be written as the
intersection of sets,

{

(PA,�) : ‖(I − PA)(X − �)‖2F + ‖���‖�,λ ≤ α
}

⋂

{(PA,�) : PA ∈ Gr(d,m)} . (54)

We will show that the leftmost of these sets in the intersec-
tion is compact and that the right set is closed, so that their
intersection is compact. The left set is closed because it is
the lower level set of a continuous (and hence lower semi-
continuous) function. Assume, for contradiction, that it is not
bounded. Then there exists a sequence (Pk

A,�k)∞k=1 such that‖Pk
A‖F + ‖�k‖F → ∞ with

∥
∥
∥(I − Pk

A)(X − �k)

∥
∥
∥

2

F
+ ‖��k�‖�,λ ≤ α ∀k. (55)

If ‖�k‖F → ∞, then the fact there exists one entry of the λ

vector which is greater than 0 gives

∥
∥
∥(I − Pk

A)(X − �k)

∥
∥
∥

2

F
+ ‖��k�‖�,λ → ∞, (56)

which contradicts (55) and shows that ‖�k‖F must be
bounded. On the other hand, the value of ‖Pk

A‖F is fixed
at

√
d for all k. Therefore ‖Pk

A‖ + ‖�k‖ �→ ∞. Since no
unbounded sequence exists we conclude that the left set in
the intersection (54) is bounded.Having already shown that it
is closed, we conclude that it is compact. The right set from
the intersection (54) is closed because it can be written as
the intersection of the preimage of 0 for the three continuous
maps:M → M2−M ,M → M∗−M andM → Tr(M)−d.

The final point to show is that (17) can be formulated as a
continuously differentiable objective over a cartesian product
of closed, nonempty, convex constraint sets. This allows us to
applyGrippo and Sciandrone (2000), Corollary 2 to conclude
that any limit point of two-block alternating minimization is
a critical point. By Lemma 1, variable (�̂, b̂, P̂A) minimizes
(17) (with decision variable PA instead of A) if and only if
(�̂, b̂, P̂A) minimizes

min
PA,�,b

‖(I − PA)(X − �)‖2F + b

s.t.
∥
∥���

∥
∥

�,λ
≤ b

0 � PA � Im

Tr(PA) = d,

PA = P∗
A

where � denotes the Loewner ordering. The set

{

PA ∈ C
m×m :
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PA = P∗
A, 0 � PA � Im, Tr(PA) = d

}

is convex, nonempty, and closed. Because the SLOPE norm
is continuous and convex,

{

(�, b) ∈ C
m×n × C

n : ∥
∥���

∥
∥

�,λ
≤ b

}

(57)

is convex, nonempty, and closed. Therefore (Grippo and
Sciandrone, 2000), Corollary 2 applies and we conclude that
any limit point of Algorithm 1 is a critical point. ��
Lemma 1 The following problems have the same minimizers

min
PA,�,b

‖(I − PA)(X − �)‖2F + b

s.t.
∥
∥���

∥
∥

�,λ
≤ b

PA ∈ Gr(d,m).

min
PA,�,b

‖(I − PA)(X − �)‖2F + b

s.t.
∥
∥���

∥
∥

�,λ
≤ b

0 � PA � I

Tr(PA) = d

PA = P∗
A.

Proof Recall that the set of m × m orthogonal projection
matrices which project onto a d dimensional subspace have
d eigenvalues which are 1 with the remaining m − d eigen-
values 0. Therefore the following sequence of problems is a
relaxation of the original,

min
PA∈Cm×m

P2
A=PA, P∗

A=PA
dim(col(PA))=d

min
c∈R

�∈Cm×n

‖���‖�,λ≤b

‖(I − PA)(� − X)‖2F + b

= min
PA∈Cm×m

P2
A=PA, P∗

A=PA
dim(col(PA))=d

min
c∈R

�∈Cm×n

‖�‖�,λ≤b

{

‖(� − X)‖2F

− Tr
[

PA(� − X)(� − X)∗
] + b

}

(58)

≥ min
PA∈Cm×m

0�PA�Im
Tr(PA)=d

min
c∈R

�∈Cm×n

‖�‖�,λ≤b

{

‖(� − X)‖2F

− Tr
[

PA(� − X)(� − X)∗
] + b

}

. (59)

The equality in (58) is directly from the definition of the
Frobenius inner product, and the inequality in (59) follows
because we have induced a relaxation on the set of projection
matrices. Both problems (58) and (59) attain the same lower
bound given by the equality condition of the von Neumann
trace inequality (see e.g. Mirsky 1975). This allows us to

conclude that the inequality in (59) is actually an equality,
with both problems having the same minimizers. ��

B Proofs for Section 3 (Statistical
Performance)

Theorem 4 Consider n observations from the statistical
model (5), of which n0 have δ(t) = 0. Let Â be a nonrandom
estimate of A0 and q ∈ (0, 1) the desired false discovery rate.
Take the parameter vectorλ in the group SLOPEpenalty such
that

λ(n−r+1) = max
i∈[n]

{

F−1
‖((I−PÂ)(A0s(ti )+ε(ti ))‖

(

1 − q r

n

)}

, (25)

where F−1
‖((I−PÂ)(A0s(ti )+ε(ti ))‖ denotes the quantile function

of the random variable ‖((I − PÂ)(A0s(ti ) + ε(ti ))‖. Then
the false discovery rate for testing � �= 0 is bounded above
via

FDR ≤ q
n0
n

. (26)

Proof From Theorem 1, the FDR in (24) can be rewritten in
terms of the auxiliary variable c as

FDR = E

[ ∣
∣
{

i ∈ [n] : ci = 0, ĉi �= 0
}∣
∣

max
{∣
∣
{

i ∈ [n] : ĉi �= 0
}∣
∣ , 1

}

]

, (60)

where ci = ��0�i . We first write (60) as a sum of probabili-
ties as follows, where we denote by I the set {i ∈ [n] : ci �=
0},

E

[ ∣
∣
{

i ∈ [n] : ci = 0, ĉi �= 0
}∣
∣

max
{∣
∣
{

i ∈ [n] : ĉi �= 0
}∣
∣ , 1

}

]

=
n

∑

r=1

E

[∣
∣
{

i : ci = 0, ĉi �= 0
}∣
∣

r
1max{|{i∈[n]:ĉi �=0}|,1}=r

]

=
n

∑

r=1

1

r
E

⎡

⎣
∑

i∈[n]\I
1{ĉi �=0} 1{max{|{ j∈[n]:ĉ j �=0}|,1}=r}

⎤

⎦

(61)

=
n

∑

r=1

1

r

∑

i∈[n]\I
E

[

1{ĉi �=0} 1{max{|{ j∈[n]:ĉ j �=0}|,1}=r}
]

=
n

∑

r=1

1

r

∑

i∈[n]\I
P

(

ĉi �= 0 and

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0
}∣
∣ , 1

} = r
)

. (62)
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Note that in (61) and what follows, the summation is over all
i for which ci = 0. For fixed i , we examine the expression

P

(

ĉi �= 0 and max
{∣
∣
{

j ∈ [n] : ĉ j �= 0
}∣
∣ , 1

} = r
)

. (63)

This is probability of the event where the i th observation
is estimated to contain interference and r observations in
total are estimated to contain interference. By Lemma B.1 in
Bogdan et al. (2015),

P

(

ĉi �= 0 and max
{∣
∣
{

j ∈ [n] : ĉ j �= 0
}∣
∣ , 1

} = r
)

≤ P

(

�(I − PÂ)X�i > λ(n−r+1) and

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0
}∣
∣ , 1

} = r
)

. (64)

From Lemma B.2 in Bogdan et al. (2015), the expression in
(64) is bounded above by

≤ P

(

�(I − PÂ)X�i > λ(n−r+1) and

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0 and j �= i
}∣
∣ , 1

} = r − 1
)

. (65)

Note that in (63) we have restricted ourselves to i for which
ci = 0, so that Xi contains no interference. In this setting,
Xi = A0 s(ti ) + ε(ti ), so (65) becomes

P

(

‖(I − PÂ)(A0s(ti ) + ε(ti ))‖2 > λ(n−r+1) and

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0 and j �= i
}∣
∣ , 1

} = r − 1
)

(66)

Since Â is fixed, and ε is independent across observations,
(66) becomes

= P

(

‖(I − PÂ)(A0s(ti ) + ε(ti ))‖2 > λ(n−r+1)

)

× P

(

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0 and j �= i
}∣
∣ , 1

} = r − 1
)

≤ qr

n
P

(

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0 and j �= i
}∣
∣ , 1

} = r − 1
)

Plugging this bound into (62), we have

E

[ ∣
∣
{

i ∈ [n] : ci = 0, ĉi �= 0
}∣
∣

max
{∣
∣
{

i ∈ [n] : ĉi �= 0
}∣
∣ , 1

}

]

≤
n

∑

r=1

1

r

∑

i∈[n]\I

qr

n
P

(

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0 and j �= i
}∣
∣ , 1

} = r − 1
)

= q

n

∑

i∈[n]\I

n
∑

r=1

P

(

max
{∣
∣
{

j ∈ [n] : ĉ j �= 0 and j �= i
}∣
∣ , 1

} = r − 1
)

≤ q n0
n

.

��

Corollary 1 In the context of Theorem 4, assume Â = A0

and ε(ti ) ∼ CN (0, σ 2Im) for all i ∈ [n]. Take the parameter
vector λ in the group SLOPE penalty such that

λ(n−r+1) = σ
√
2

2
F−1

χk

(

1 − q r

n

)

, (27)

where F−1
χk

denotes the quantile function of a χ distributed
random variable with k = 2(m − d) degrees of freedom.
Then the bound on the false discovery rate in (26) holds.

Proof To ease notation, denote by ε a CN (0, σ 2 Im) random
vector. In the case that Â = A0,

∥
∥(I − PÂ)(A0s(ti ) + ε(ti ))

∥
∥
2 = ∥

∥(I − PÂ)ε
∥
∥
2 .

We show that 2
σ 2

∥
∥(I − PÂ)ε

∥
∥
2 is χ2

2(m−d) distributed, from
which the result follows by applying Theorem 4. Let z ∼
CN (0, Im−d)be a standard complexnormal randomvector of

dimensionm−d, and letU

(

Im−d 0
0 0

)

U∗ be an eigendecom-

position of I − PÂ such that the last d orthonormal columns
um−d , . . . , um span col(A). Since thematrixU is orthogonal,
U∗z is CN (0, Im), with the result that each u∗

i z ∼ CN (0, 1)
and {�(u∗

1z),�(u∗
1z), . . . ,�(u∗

mz),�(u∗
mz)} is a collection

of independent N (0, 1
2 ) standard normal random variables.

We then have

∥
∥(I − PÂ)ε

∥
∥
2
2 = ε∗U

(

Im−d 0
0 0

)

U∗ε

= σ 2
m−d
∑

i=1

‖u∗
i z‖22

= σ 2
m−d
∑

i=1

�(u∗
i z)

2 + �(u∗
i z)

2

= σ 2

2

m−d
∑

i=1

(

� {

u∗
i z

}√
2
)2

+
(

� {

u∗
i z

}√
2
)2

Therefore 2
σ 2

∥
∥(I − PÂ)ε

∥
∥
2
2 is the sum of 2(m − d) inde-

pendent standard normal randomvariables, so it is distributed
χ2
2(m−d). Taking the square root of 2

σ 2

∥
∥(I − PÂ)ε

∥
∥
2
2 proves

the result. ��
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