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Abstract

In this paper, we introduce a novel semidefinite programming framework for designing
custom frugal resolvent splitting algorithms which find a zero in the sum of » monotone
operators. This framework features a number of design choices which facilitate creat-
ing resolvent splitting algorithms with specific communication structure. We illustrate
these design choices using a variety of constraint sets and objective functions, as well
as the use of a mixed-integer SDP to minimize time per iteration or required num-
ber of communications between the resolvents which define the splitting. Using the
Performance Estimation Problem (PEP) framework, we provide parameter selections,
such as step size, which for high dimensional problems provide optimal contraction
factors in the algorithms. Among the algorithm design choices we introduce, we pro-
vide a characterization of algorithm designs which provide minimal convergence time
given structural properties of the monotone operators, resolvent computation times,
and communication latencies.

Mathematics Subject Classification 49M37

1 Introduction

In this paper, we introduce a novel method for designing custom resolvent splitting
algorithms to find a zero in the sum of # maximal monotone operators. The algorithms
can be described using only vector addition, scalar multiplication, and the resolvents of
each operator. The flexible framework we introduce allows the creation of decentral-
ized, distributed resolvent splitting algorithms by customizing the flow of information
between the subproblems which compute each resolvent. This permits customized
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splitting algorithms designed for particular applications where it may be necessary
to specify the communication structure of the algorithms to facilitate computational
efficiency or respect real-world constraints.

The work presented here builds on recent work in n-operator splittings. Motivated
by the success of the Alternating Direction Method of Multipliers (ADMM), a prox-
imal splitting method for minimizing the sum of two convex functions, researchers
tried to extend the framework to the sum of n convex functions after it was demon-
strated that the direct extension of ADMM to 3 convex functions does not converge
[10]. Despite this initial discouraging result, recent work on resolvent splitting meth-
ods for monotone inclusion provides reason for optimism. In [31], Ryu showed that
Douglas-Rachford Splitting, the resolvent splitting method underlying ADMM, is
unique among splittings satisfying a set of mild assumptions unless the original prob-
lem is lifted by embedding it in a higher dimensional space. Working in this lifted
space, Ryu provided a resolvent splitting algorithm for monotone inclusion problems
which are the sum of three maximal monotone operators. This algorithm has provably
minimal lifting, and is also frugal, in that it evaluates the resolvent of each operator
only once per iteration. Shortly thereafter, Malitsky and Tam [28] provided a minimally
lifted frugal resolvent splitting algorithm for monotone inclusion problems which are
the sum of n maximal monotone operators. Tam [34] followed up on this work by
generalizing the example provided in [28] to a family of resolvent splitting algorithms
with minimal lifting, as do the authors of [7]. All of these works note the potential for
decentralized optimization using these methods, and the work in [34] demonstrates
their ability to outperform other decentralized methods like P-EXTRA [33].

A number of other recent works also analyze resolvent splitting methods over n
maximal monotone operators, including several which allow decentralized execution.
Many of these methods ( [13, 14, 26]) rely on a product space formulation which
lifts beyond the minimal lifting threshold or rely on a single type of communication
structure between resolvents ( [9, 27]). Both [7] and [2] build algorithms with mini-
mal lifting over connected graphs using the preconditioner analysis in [6], but do not
consider the design approach provided in the following analysis. This parametrization
is in some ways prefigured by [18], which establishes a class of projective splitting
methods for n operators which includes the option of using resolvent values computed
in the previous and the current iterations via a lifted positive definite matrix parameter.

This paper shares a common n-operator frugal resolvent splitting theme with these
recent articles. We provide a practical resolvent splitting framework capable of design-
ing algorithms for particular applications. Our primary contribution is the introduction
of a family of semidefinite programming problems whose solutions give n-operator
resolvent splitting algorithms. This family of semidefinite programming problems can
be customized for a variety of practical considerations. In practice, desirable charac-
teristics of a resolvent splitting method can depend on many different aspects of a
problem—such as communication latency, convergence rate, per-iteration computa-
tion, and how amenable the algorithm is to parallelization. We examine each of these
in turn, providing theoretical justification and methodological recommendations for
design decisions frequently encountered in practice. In addition to providing a frame-
work for creating resolvent splitting algorithms, we provide several theorems which
characterize them, extending and generalizing results in [28, 31, 34]. We also apply
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the Performance Estimation Problem (PEP) framework from [16], [32], and [22] to
provide convergence rate guarantees for these algorithms, and apply our optimization
framework to design algorithms which minimize the total time required to converge
for a given problem class. We then use the dual of the PEP to determine the optimal
step size and other parameters for a given algorithm design and set of assumptions on
the monotone operators, in addition to conducting a variety of numerical experiments
to provide convergence rates for specific problems, compare formulation choices, and
provide a demonstration of algorithm design choices. An accompanying implementa-
tion of our contributions can be found at github.com/peterbarkley/oars/.

The rest of this paper proceeds as follows. In the next section, we introduce the
required notation and background. In Sect. 3 we formulate the family of semidefinite
programming problems which generate custom resolvent splitting algorithms. Sec-
tions 4 and 5 then provide a large set of examples for generating resolvent splitting
algorithms under various practical considerations using the constraints and objective
function of the SDP, respectively. Section 6 then extends the SDP to a mixed integer
setting in which we can minimize the required number of communications and the iter-
ation time of the algorithm designs. Section 7 describes a set of PEP formulations and
their duals which provide convergence rate results and the ability to optimize step size
and a portion of the algorithm for specific problem classes. Section 8 then conducts
a set of numerical experiments, in which we use the previous results to determine the
rate of convergence under various assumptions, and we compare the resulting splitting
algorithms to those proposed by [28] and [34]. Theorems and lemmas not proven in
the main document are postponed to the appendix.

2 Preliminaries

Consider n proper closed convex functions fi, ..., f, where each f; : H — RU{oo}
for some real Hilbert space H that contains the problem’s decision variable. Our goal
is to solve the problem

n
i - 1
min ; i@ (1
using a proximal splitting algorithm, i.e. only interacting with each of the f; through
the proximal operators prox s, ..., prox ; and linear combinations thereof, where
: 1
Prox ¢, (x) ;= argmin f;(w) + 5||w — x||2. 2)
weH

If 'H is finite dimensional and the relative interiors of the domain of each f; have
nonempty intersection, then finding x € H such that

0e> dfix), 3

i=1

where 0 f; denotes the subdifferential of the convex function f;, is necessary and suf-
ficient for minimizing (1) [29, Theorems 23.8 and 23.5]. Similar regularity conditions
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over the strong relative interior allow the application of Fermat’s Rule for non-finite
dimensional Hilbert spaces as given in [13].

Because the subdifferential of a proper closed convex function f;, considered as a
set-valued operator d f : H =% 'H, is a maximal monotone operator, a generalization of
(3) is the monotone inclusion problem: for » maximal monotone operators Ay, ..., A,
where each A; : H = H,

n
find x € H such that 0 € Z A;(x). @
i=1

Throughout the rest of this paper, we assume that the solution set of (4), denoted
zer (Z?:l A,~), is nonempty. Though subdifferentials of convex functions are maxi-
mally monotone, maximally monotone operators are only the subdifferential of some
convex function if they have additional structure (see e.g. [30]). For this reason, prob-
lem (4), which we focus on in the remainder of the paper, contains problems which
cannot be stated in terms of convex functions in (3), despite the fact that minimizing
the sum of convex functions is our primary motivation.

A resolvent splitting is a generalization of a proximal splitting which solves (4) and
is constructed using only scalar multiplication, addition, and the resolvents of each
operator A;. The resolvent of an operator A is defined as J4 = (Id+A)~!. When A is
monotone, J4 is single-valued, and when A is maximal monotone J4 has domain H
[3, Proposition 23.7]. A resolvent splitting is a proximal splitting when the monotone
operators in (4) are subdifferentials of convex functions, in which case the resolvent of
the subdifferential 0 f; is the proximal operator of the convex function f;. A resolvent
splitting is called frugal if each resolvent J,, is used at most once in each iteration.
Many existing splitting algorithms can be framed as frugal resolvent splittings. The
oldest is Douglas-Rachford splitting [15, 17], where x € zer (A] 4+ A») can be found
by choosing z° € H and y € (0, 2) and iterating

Xk = U4, (5a)
Xk = Ja,2xk = 25 (5b)
=y ed — . (50)

At a fixed point z* of this iteration, J4, (z*) = x| = xj provides a zero of the sum.

In [31], Ryu develops a frugal splitting over three maximal monotone operators,
where for z(l), zg € Hand y € (0,1), x € zer (A; + Az + A3) can be found by
1terating

X = Ja, ) (6a)
XK= Ja, ok + 25 (6b)
B TN L ) (6¢)
z]fH = z'f + y(xé‘ — x’f) (6d)
ZSH = zé + y(xé‘ — xlz‘). (6e)
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Similarly, at a fixed point z* of (6), J4,(z]) = x| = xJ = xJ provides a zero of the
monotone inclusion.
In [28], Malitsky and Tam develop a splitting over n operators given by

xt = a, () (Ta)
sh=aa (x4 2F - ) Vie{2,...,n—1}  (Tb)
Xy = Ja, (xlf + g~ Zﬁ—l) (70)
=ty (xh - ) Vie{l,...,on—1},  (1d)

where z? € H and y is similarly permitted to be any value in (0, 1). Each of these
fixed point encodings converges unconditionally [1, 27], with weak convergence for
the iterates in infinite dimensional spaces.

This recent flurry of n-operator resolvent splitting methods is a result of an obser-
vation of the authors in [31] (for three operators) and [28] (for n operators), which
introduces a parametrization of frugal resolvent splitting methods. These authors’ pri-
mary use of this parametrization is to prove a lower bound on the dimension of the
vector z¥, the variable updated in each iteration of the frugal resolvent splitting method.
By altering the values used in Ryu’s parametrization, subsequent authors were able to
quickly generate new frugal resolvent splitting methods. In [34], Tam characterizes a
large set of these parameters which yield convergent frugal splitting algorithms. A sim-
ilar extension is provided in [7]. In this paper, our Theorem 1 provides a generalization
which demonstrates convergence of an even larger set of these parameters.

Because it will be useful in the remainder, we describe this parametrization next.
Since the resolvent splittings are assumed to be frugal, each resolvent is evaluated
at most once per iteration. Assume without loss of generality that, in each itera-
tion, the ordering of resolvent evaluation is J4,, Ja,, ..., Ja,, so that when i < j
the 1nput to resolvent J4, does not depend on the evaluatlon of resolvent J4 ;. We
let x = (x1,...x,) € H" be the concatenated vector of resolvent outputs and
z=(z1,...,2d) € H? be the vector which is updated in each iteration. The three
ingredients of one iteration of a frugal resolvent splitting are (a) form y;, the input to
resolvent of A;, for all i € [n], (b) evaluate the resolvent of A; at y; and (c) update
the vector z. At convergence, all x; will be equal to a solution of (4). Recall that a
resolvent splitting can be described using only scalar multiplication, addition, and
resolvent evaluation, so these update steps can be written using matrices B € R"*¢,
T € R¥4 M e R and lower triangular L € R"*" as follows.

ZB,JZ + Y Lijxk Vie(l,...,n) (8a)

J=i
xk :JA.(yi) Vie{l,..., n} (8b)
2 ZT,,Z +yZM,,x§ Viell,....d). (8c)
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The updates (8) can be written more concisely using matrices constructed via the
Kronecker product, which we denote by ®. Let Id denote the identity operator on H,
anddefineB =B QI L=LQId,T=T®Id, and M = M ® Id. Denote by
A : 'H" = H" the maximal monotone operator formed by applying the monotone
operators A; elementwise, so

Ar(x)
Ax = :
Ay (xy)

Then, eliminating the y; variables for conciseness, the updates (8) can be written in
terms of the concatenated vectors z and x as follows.

x = JaBZF + Lx5) (9a)
2 =Td + nyk. (9b)

In this paper, we focus on a restriction of the very general parametrization in (9)
that allows us to prove convergence under a set of mild conditions. Specifying the
matrices L, M, and the value y, we let B = —M7, and T be the identity. The frugal
resolvent splitting algorithm in (9) then becomes

X =y (—MTzk + ka> (10a)
2 =725 4y Mixk, (10b)

Each of the aforementioned resolvent splitting algorithms in (5), (6), and (7) can be
written in the form (10) with appropriate choice of L, M, and range of y .

In [34], the author notes that when d > n, the dimension of the variable z in the
iteration (10) can be reduced by performing the substitution v = —M7z, defining
W = M”M, and multiplying the equation (10b) by —M7 to obtain the iteration

X = Jy (v" + ka> (11a)
vl = vk — Wk, (11b)

In (11), the variable v € 4" is updated each iteration, which requires less memory
than z¥ € H? when d > n. It is worth noting that this substitution implies that v°
must be in the range of M7 .

In the remainder of the paper, we will derive convergent algorithms for both itera-
tions (10) and (11) under a variety of practical assumptions. We provide a framework
to design new resolvent splitting algorithms that accommodate decentralized computa-
tion. We also investigate the performance of these algorithms by providing theoretical
results and practical recommendations to guide the generation of these algorithms
while prioritizing fast convergence rates, amenability to parallelization, and minimal
per-iteration computation time.
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Before proceeding, we establish some notation that will be useful in the rest of
the paper. S, will be used to represent the set of positive semi-definite matrices of
dimension n and S" the set of symmetric matrices of dimension n. > provides the
Loewner ordering of the set of symmetric matrices,so Z > W = Z - W € §/.
Id is the identity in the appropriate space in which it is used. Given a matrix K € S",
M (K), ..., 1, (K) denotes the eigenvalues of K listed in increasing order. 1 is a ones
vector in the appropriate space. All bold vectors and matrices are lifted, so bolded
vectors contain multiple copies of H, and bolded operators operate on these lifted
vectors. For example, M : H" — H?isM = M ® Id for M € RY*". We denote the
adjoint of a lifted linear operator M as M’ , noting that it is also the lifted operator
corresponding with M” . For a natural number n, we denote by [n] the set of natural
numbers {1, ..., n}. We denote by S the complement of a set S. Tr(-) defines the
trace of a matrix. ||-|| denotes the Euclidean norm when applied to vectors and the
spectral norm when applied to matrices. e; refers to the unit vector with 1 in position
i,and L.; and L;. refer to the ith column and row of L respectively. We denote by ¢
the indicator function on a set C and for a set-valued operator A we denote by A=
the operator with A=9(x) = —A~!(—x).

3 Semidefinite program for resolvent splitting design

In this section we formulate an optimization problem that allows one to solve for the
matrices M and L in (10), or the matrices W and L if using iteration (11). We will
call a specific choice of the parameters (W, Z) a design for algorithms (10) and (11),
noting that we can form the matrix M as M” M = W and a lower triangular matrix
LasZ =2Id — L — LT. We discuss several methods for forming M in Sect. 3.1.
By considering various objective functions and additional constraints, we show that
we can recover several of the proximal splitting algorithms from the previous section.
Our next theorem is the primary contribution of this paper.

Theorem 1 Let ¢ : S| x §" — (=00, 00] be any proper lower semicontinuous
function. Let y € (0,1), C S S| x§", ¢ >0, and ¢ € [0, 2). Consider the following
semidefinite programming problem,

mirvl‘;’nzlize oW, 2) (12a)
subjectto W1 =0 (12b)
MW) +21(W) = ¢ (12¢)
Z—-W=>=0 (124d)
17z1=0 (12e)
diag(Z) = Z11 (12f)
2—e<Z1<2+c¢ (12g)
Ww,zZ)ecC (12h)
WeSL, ZeS" (12i)
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Any solution W, Z to (12) produces a convergent resolvent splitting algorithm
design. In both iterations, the sequence (x*) converges weakly to a vector for which
x;i = x* for all i € [n], where x* € H solves the monotone inclusion (4), and the
iterates (zk) and (Vk) in (10) and (11) converge weakly to fixed points z* and v*.
Moreover, when the operators A; in (4) are all u-strongly monotone for some . > 0,
the valid range of y can be extended to (0, 1 +2u/||W])).

We now discuss the implications of Theorem 1, postponing its proof to the appendix.

Theorem 1 provides particular insight in the case of y-strongly monotone operators.
When all operators are w-strongly monotone (as is the case if they are the subdiffer-
entials of u-strongly convex functions), the permissible range of y extends beyond
one (the bound established in [28, 34]). In Sect. 7, where we provide a technique for
selecting a y which yields the best contraction factor for certain classes of monotone
operators, we observe that y should often be chosen to be greater than or equal to one.

Two important aspects of problem (12) worth addressing are its feasibility and its
computational difficulty. When the set C and the function ¢ are convex, problem (12)
is convex. Excepting the general purpose objective ¢ and constraint set C, the problem
can be written using only affine and semidefinite cone constraints. Constraint (12c)
is perhaps the only constraint that is not immediately recognizable as convex, but we
recall that the sum of the k£ smallest eigenvalues of a PSD matrix is a concave function.
Constraint (12c) can be written using the semidefinite cone by introducing auxiliary
variables s > 0 and Y € §'| and using the constraints

W4+Y —s1>0
2s = Tr(Y) > c,

see e.g. [4]. Therefore, given appropriate choice of objective function ¢ and additional
constraint set C, problem (12) is a semidefinite program which, when feasible, can be
solved at scale using a variety of possible algorithms [35, 36]. When the constraint
set Cis S} x §" and c is chosen small enough, (12) is feasible because W = Z =
% (nId -1 IIT) lies in its feasible region. In general, it is possible to choose a set C and
constant ¢ that makes (12) infeasible. We address this possibility in Sect. 3.2, where
we provide a recommendation for a default value of ¢, and in Lemma 1, where we
provide a set of necessary conditions that can be used to guide the selection of the
constraint set C.

One crucial aspect of problem (12) is that constraints (12b) and (12c¢) combine to
define the null space of W exactly. Because W1 = 0, we have span(1) € Null(W)
and A1 = 0. Constraint (12c) then gives that A, > 0, so that the dimension of the
eigenspace with eigenvalue 0 is 1 and span(1) = Null(W). Constructing W so that
Null(W) = span(1) is an important part of the proof of Theorem 1. Constraint (12d)
implies Z > 0. Constraint (12e) ensures 17L1 = n. Constraints (12b)-(12e) taken
together imply that Null(Z) = span(1). Constraints (12f)-(12g) give that Z has a
constant diagonal with value strictly between O and 4.

Utilizing the matrices generated by solving (12) in the iterations (10) or (11) requires
solving a fixed point equation in X in each iteration, equations (10a) and (11a), respec-
tively. The lower triangular nature of L is a critical part of this computation, and makes
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solving for x straightforward. When L is strictly lower triangular, x can be easily found
by sequentially computing x; = Jy, (fo + Zj<i L;jx;) for eachi € [n]. When L is
lower triangular but not strictly so and L;; # 1, the elementwise fixed point equation
can be written

Xi = Ja, |V + D Lijx; + Liixi | - (13)
j<i

Manipulating this expression using the definition of the resolvent, this fixed point
equation is satisfied if and only if

L Lij
xl—JlilL”A,. I_LiiVi +/X<;—1_Liix] . (14)

Since (12) requires L;; to be constant and less than 1, > I_LL“A,-(x) =0 =
> A;(x) = 0. In this way, the fixed point equation can again be solved directly as in
the strictly lower triangular case, with the exception that the scaled resolvent must now
be evaluated on a scaled version of the original input This is equivalent to executing
(13) with A = I L —L A W= WW and L = L (L — L;;1d). Therefore when L
is lower triangular without being strlctly SO, the updates (10a) and (11a) can still be
easily computed.

In addition to the convergence of the x iterates in (11), the v iterates can be used to
compute the Attouch-Théra dual solution of a lifted version of the problem (4). In the
following theorem, we denote by A the subspace

={x € H"| x = 1 ® x for some x € H}.

Theorem 2 Let v* and x* be limits of the algorithm (11). Define u* = v*+ (L —Id)x*.
Then u* is the solution to the Attouch-Théra dual for the problem

Find 0 € (A + 0tp) X, (15)
xcH"
which is,
Find 0 e (A‘l + (3LA)_®) u. (16)
ucH"

The duality result in Theorem 2 is especially useful in the context of warmstarting.
With any prior knowledge of values x or u close to x* or u*, one can warm start
the algorithm (11) with v = u 4+ (Id — L)x. If A; = 9 f; for some set of closed,
convex, and proper functions f;, a similar result holds for Fenchel and Lagrangian
duality in iteration (10). In this case, one can show, for M € R*~ X" and u* € H* !,
that u* = z* — (M7)T(L — Id)x* is the dual solution of the Lagrangian g(x, u) =
Z?:l fi(xi)+ (u, Mx), where (MT)T denotes the lifted Moore-Penrose pseudoinverse
of MT.
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3.1 Constructing M from W

The iteration (10) relies on the construction of a matrix M € R?*" from W e R"*"
such that MT M = W. Theorem 1 shows that any such M produces an iteration (10)
that converges to a solution of (4). How should one construct the matrix M ? Different
choices produce different values of d and different sparsity patterns in M, which may
be beneficial in different scenarios. In this section, we propose three different methods
for constructing M, each of which provides a different tradeoff between sparsity and
the leading dimension of M.

Our first method prioritizes sparsity. Assume that W is a Stieltjes matrix, a sym-
metric positive semidefinite matrix with nonpositive off-diagonal entries. This can be
guaranteed by adding additional nonpositivity constraints for the off-diagonal entries
of W to C, which preserves any existing convexity structure in the problem. Empiri-
cally, we note that solutions to (12) often return a Stieltjes W without introducing any
additional constraints enforcing the condition. Let N = ((i, J):j>iand W;; # O)
be a tuple containing the nonzero entries in the strictly upper triangular part of W,
ordered arbitrarily. Let d = |N]. Define B € RY*™ as

—1 if Ny = (i, j) for some i € [n]
Bix =11 if Ny = (j, i) for some j € [n] (17)
0 otherwise.

Define V € R to be a diagonal matrix with Vi = —W;; where N = (i, j). Note
that the Stieltjes assumption on W gives that V has nonnegative entries. We claim that
BV BT = W, which implies that setting M = V'/2BT gives MTM = W.

To show MTM = W, we consider the off-diagonal and diagonal terms of W
separately. For off-diagonal entries, the inner product of columns i and j in M is
equal to W;; because the index & is the only nonzero entry in both vectors. For diagonal
terms, the ith entry along the diagonal of MT M is the sum of squares of the entries
of column i in M, — Zj#i W;;. Constraint (12b) gives that — Z#i Wij = Wi, so
diagonal entries of M7 M also equal diagonal entries of W. This method aggressively
prioritizes sparsity at the cost of increasing d to the number of nonzero entries in the
strictly upper triangular part of W. Additionally, it imposes an additional restriction
(the Stieltjes condition) on the set of feasible W.

Another option, which prioritizes both sparsity and small value of d, is to con-
struct the matrix M via Cholesky decomposition, where W = MTM and M is
upper triangular. Additional sparsity can be imposed by performing a sparse Cholesky
decomposition which results in matrices P, L, and D such that

W = PLDLT PT.
The matrix P € R"*" is a permutation matrix chosen to minimize fill in, L is lower tri-
angular with unit diagonal, and D is adiagonal matrix. Since W is positive semidefinite,

the diagonal matrix D has nonnegative entries. Additionally, since rank(W) =n — 1,
exactly one of D’s diagonal entries is zero. If the zero occurs in the ith entry of the
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diagonal, denote by D the n — 1 x n — 1 matrix with the ith row and column removed.
Likewise, denote by B the matrix PL and by B the matrix B with its ith column
removed. Then
W = BDBT,

so taking M = D'/?BT results in a sparse M € R"~1*". Note that, in this sparse
Cholesky decomposition, the matrix M is upper triangularizable via a permutation of
its columns, but may not actually be upper triangular. In this construction the dimension
d of the iteration (10) is n — 1. Relative to the decomposition in the previous paragraph,
the sparse Cholesky decomposition has a smaller d value and does not require the
Stieltjes condition, but may be less sparse.

A third method for constructing M uses the eigendecomposition of W.Let UAUT
be an eigendecomposition of W, where A is a diagonal matrix containing the (nonneg-
ative) eigenvalues of W. Since Null(W) = span{1}, exactly one eigenvalue is equal
t0 0. Let A € R"=Dx(=D pe the matrix A with the zero eigenvalue removed, and
U e R~ be the submatrix of U which removes the column corresponding to
the zero eigenvalue. Then W = U A U7, so taking M = A2 U7 yields an M with
d = n — 1. Though this method for constructing M has d = n — 1 as in the sparse
Cholesky method, it does not prioritize sparsity.

Regarding the dimension d of the iteration (10), [28, Theorem 1] shows that d >
n — 1 is necessary for convergence of the algorithm (10). For any W, we have provided
two different methods (the Cholesky and eigendecomposition methods) which attain
that lower bound. This allows us to prove that every sequence of possible x values
generated by an iteration of the form (10) can be generated by an iteration of minimal
dimension. We formalize this result in Theorem 3, deferring its proof to the appendix.

Theorem 3 Every frugal resolvent splitting given by iteration (10) has an equivalent
frugal resolvent splitting with minimal lifting. That is, for any M € R¥>" and L €
R™" for which W = MTM and Z = 21 — L — LT are feasible in (12) for some
constants ¢ and € and set C, there exists M € R" ™" such that for any initial point
20 there is an initial point Z° for which the iterations

xk = Ja (—MTzk+ka) and xk = Ja (—MTik—i—ka)

A = 2 4y Mixk =7 4y Mx
produce the same sequence (xX).

3.2 A graph theoreticinterpretation

The language of graph theory provides a helpful description of the sparsity of the
matrices in problem (12) and information exchange between resolvent operators. In
this section, we recall some concepts from graph theory that will be useful in the
remainder. For further details we refer the reader to [11].

A graph G = (N, &) is a set of nodes N and a set of edges £ connecting those
nodes. The degree of a node is the number of edges containing that node, and the
degree matrix of a graph is an |[NV] x |N] diagonal matrix with the degree of each
node on the diagonal. The adjacency matrix A of a graph G is an |N] x |N] matrix
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with A;; = 1 if there is an edge between node i and node j and O otherwise. The
Laplacian matrix K of a graph G is K = D — A, where D is the degree matrix and A
the adjacency matrix of G. An orientation of a graph assigns a direction to each edge;
given an oriented graph, its edge-incidence matrix is an |[N| x || matrix B such that

1 if node v is the head of edge e
Bye = 1 —1 if node v is the tail of edge e
0 otherwise.

The oriented edge-incidence matrix of a connected graph has Null(B) = span{1}.
The oriented edge-incidence matrix is connected to the Laplacian matrix K because
K = B B”. Every Laplacian matrix also necessarily satisfies K1 = 0, and for K ¢
S%, A2(K) > 0 implies the graph is connected.

The Laplacian matrix of a connected graph satisfies the conditions on W in (12b)
and (12c¢) for some ¢ > 0, and the connection between the oriented edge-incidence
matrix and the Laplacian allows one to take M = BT in (10) if one can pair it with a
feasible Z. In general, finding a feasible matrix Z for a given W is a difficult problem
and motivates use of the SDP in (12), though [34] notes in a more limited setting that
taking W = Z, where W is a scalar multiple of the Laplacian of a connected regular
graph, yields a convergent resolvent splitting algorithm.

Extending the graph-theoretic interpretation to the setting of directed graphs with
weighted edges allows a graph characterization of iteration (11) for any W and Z. If
V is an |€] x |&| diagonal matrix with edge weights on the diagonal, the weighted
graph Laplacian is defined as K = BV BT where B is the (unweighted) oriented
edge-incidence matrix. In the remainder, we will denote by G (K) the weighted graph
induced by K by interpreting K as a weighted graph Laplacian, i.e. the graph with the
edge weight between nodes i and j, where i # j, given by —K;;. Interpreting the W
returned by (12) as a weighted graph Laplacian motivates the first M construction in
Sect. 3.1. Given constraints (12d) and (12e), any feasible Z in (12) can be shown to
be the weighted graph Laplacian of a connected graph as well.

A graph-theoretic interpretation of W provides insight into constraint (12c). Since
W1 = 0and W > 0, we have A1 (W) = 0. Ao (W) is called the Fiedler value of
the graph G(W). For unweighted graphs, the Fiedler value provides a lower bound
on the minimum number of edges which must be removed to form a disconnected
graph, and in general graphs with larger Fiedler values have greater connectivity. For
an unweighted connected graph on n nodes, the minimal Fiedler value is given by
2 (1 — cos %) [19]. We use this value as the default choice of the parameter c in (12c¢),
since all connected unweighted graphs, i.e. connected graphs with unit edge weights,
are included in the set {G(W) : A; (W) + A2(W) > 2 (1 — cos Z)}.

Viewing W as the Laplacian of a weighted graph also provides an intuitive inter-
pretation of Malitsky and Tam’s Minimal Lifting Theorem, [28, Theorem 1], when
the matrix W is Stieltjes. This theorem states that d, the dimension of z in (10), must
be greater than or equal ton — 1. Ifd < n — 1, then W = MT M has rank less than
n —1since M € R¥" 50 Ay(W) = 0, and G(W) is disconnected [20]. Clearly, any
algorithm with a disconnected graph purporting to reach consensus among all of its
nodes may fail to converge.
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When W and Z have no zero entries G (W) and G (Z) are complete weighted graphs.
When W = Z = %(nld — 117) so that the edge weights are constant, we refer to
this as the fully connected design. We demonstrate empirically in Sect. 8 that the fully
connected design frequently offers the best convergence rate for a given problem.

4 Constraint sets

We now turn our attention to the potential uses of the constraint set C. The most direct
usages of the constraint set lie in forcing adherence to a given communication pattern
and imposing parallelism via block structures. We examine the use of the constraint
set for communication patterns first.

4.1 Communication patterns

Consider the problem of designing a customized algorithm for solving a convex
program min, Z?:l fi(x) with a compute cluster organized as in Figure 1, where
each resolvent calculation Jj 7, is computed by the ith machine. Two groups of three
machines have low latency connections among themselves, with one of the machines
in each group possessing a high latency connection to a machine in the other group.
Communications between computers which are not directly connected to one another
are not permitted. Such an algorithm can be realized in the context of problem (12)
by using C to constrain the sparsity structure of W and L such that W;; = Z;; = 0
equals zero whenever there is no connection between machines i and j. One feasible
design is given by

1.86 —0.52 —0.52 —0.83 0.00 0.00 2.00 —0.56 —0.56 —0.88 0.00 0.00

—0.52 133 —-0.81 0.00 0.00 0.00 —0.56 2.00 —1.44 0.00 0.00 0.00

| —0.52 -0.81 1.33 0.00 0.00 0.00 7= —0.56 —1.44 2.00 0.00 0.00 0.00

—0.83 0.00 0.00 186 —-0.52 —0.52 —0.88 0.00 0.00 2.00 —0.56 —0.56

0.00 0.00 0.00 —0.52 1.33 —0.81 0.00 0.00 0.00 —0.56 2.00 —1.44

0.00 0.00 0.00 —0.52 -0.81 1.33 0.00 0.00 0.00 —0.56 —1.44 2.00
(18)

The matrices in (18) yield convergent algorithms in iteration (11) and (when W is fac-
tored as M M) iteration (10). By constraining the sparsity patterns on these matrices,
we construct a decentralized optimization algorithm that respects the communication
structure among machines dedicated to computing the proximal values of each func-
tion f;. Note that these matrices are not able to avoid communication along the low
latency connection, as evidenced by the nonzero values in W4 and Z14. Removing
these communications is not possible because doing so partitions the machines into
two separate groups that do not communicate with each other via application of W or Z.

4.2 Parallelism

In general, any off-diagonal nonzero value in Z and W implies a required communi-
cation between the resolvents corresponding to its row and column. For any Z;; # 0
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[

Fig. 1 A hypothetical cluster for which we design a custom splitting algorithm. Red arrows give high
latency connections, which should be minimized, and green arrows give low latency connections

wherei < j (and Z;; # 0 by symmetry), resolvent operator i must provide its output
to resolvent j within the same iteration. If W;; # 0, resolvent calculations must be
provided by j to i and i to j to supply the information for the subsequent iteration.

By choosing entries of W and Z to be 0, we can design algorithms that allow
resolvent calculations to run in parallel, both within a given iteration and across itera-
tions. Within an iteration, if resolvent j does not rely on information from resolvent i
(Zj; = 0), these resolvents can be computed independently of one another. So, if each
has received the required inputs from the other resolvents, resolvents i and j can be
executed in parallel. Across iterations, since a given calculation may only depend on
a subset of other resolvents to calculate v; or (MTz)l., resolvent i can begin the next
iteration while resolvent j is still finishing the current iteration if W;; = 0.

Figure 2 depicts a Gantt chart which demonstrates the parallel resolvent compu-
tation and the execution timeline for the algorithm in (18). For this Gantt chart, we
assumed that each resolvent completes in 16 milliseconds, low latency communica-
tions (green edges in Figure 1) take .25 milliseconds, and high latency communications
(red edges in Figure 1) take 10 milliseconds. In this algorithm, resolvent 4 only depends
on resolvent 1 for its input, so as long as it has also received the necessary information
from the previous iteration, it can execute its computation in parallel with resolvent
2 or 3. Looking across iterations, resolvent 1 only relies on inputs from resolvents 2,
3, and 4, since W15 and Wjg are 0. Once those resolvents have passed their outputs,
resolvent 1 can begin the next iteration, even if resolvents 5 and 6 have not completed
their computation.

The parallelism demonstrated in Figure 2 raises the question, can one generate algo-
rithms which achieve maximal parallelism, and therefore minimize the time required
to execute some fixed number of iterations? We assume for the moment that all resol-
vent computation times and communication times are fixed and do not vary across
computation nodes, and that each resolvent computation is assigned to a single com-
putation node. In this case, one of the primary approaches to parallelism can be found
in designs which execute blocks of calculations in parallel.
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Cluster Algorithm Parallelism

Task
-0 0 0B
B Iter2
B Iter3
Node 2 l l l l B Iter4
Iter 5

o

et

3

o

wn

Q
reses l l l l
Node 6

Time (s)

Fig. 2 Execution timeline showing parallelism within and across iterations for the cluster given in Figure
1 using the algorithm specified by (18) and communication and computation times as given in the text

We define a d-Block design over n resolvents as follows. Select d € {2, ..., n}.
We construct a partition of the resolvents of size d such that each of the d elements
of the partition, which we call a block, contains consecutive resolvents. That is, if
the blocks are of size m, mo, ..., mg, block 1 contains resolvents 1 to m, block 2
contains m + 1 to m + m2, and so on. For a d-Block design, we prohibit edges in
G (Z) connecting two resolvents in the same block and in G(W) we only permit edges
between resolvent i in block & and resolvent j in block / if |k — | < 1.

Designs which are d-Block impose block matrix structure onto Z and W. Matrices
Z and W which form a d-Block design with constant block size have the block matrix
form in (19), where each entry is a matrix in R™*" where m = n/d. Each matrix
D' e S™ has diagonals which ensure W1 = 0 and off-diagonal elements permitted to
be non-zero. 0 and Id are the zero and identity matrices, and * can be varied as long
as symmetry is maintained. We present the results corresponding to € = 0 in (12), so
each entry on the diagonal of Z equals 2.

Dl x 0. 0 0
2Id % --- x %
* D2 % 0 0 * 2Id % -+ % x
3. : .
W= 0 x D .0 | oz= * % 2Id . % % (19)
0 . x 0 oo ol
. 1 * k% .- 2Id %
0 -0 x D * * ok ok * 21d
0 0 0 x D"
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In the 2-Block setting with € = 0, we observe an interesting block generalization
of Douglas-Rachford splitting. In the Douglas-Rachford splitting for finding a zero in
the sum of two monotone operators we have, after rescaling M so that y € (0, 1),

2 -2
W=Z=<_22>. (20)

The following 2-Block design generalizes Douglas-Rachford for finding a zero in the
sum of n operators, where n is divisible by 2, and m|; = my = m =n/2:

21 —2117
i (—%ILILT 21d ) @D

We also show in Proposition 8 in the appendix that the design in (21) maximizes the
sum of second-smallest eigenvalues—the Fiedler values—of Z and W among all 2-block
designs with this sparsity pattern. The Douglas-Rachford splitting was extended to n
operators in the Malitsky-Tam algorithm [28], and the connection to d-Block designs
also extends. When n is divisible by d and blocks are of constant size m = n/d, the
design

2d —Ltna”™ o ... 0o —Llyg7
2 D CE) R § 0
0 —Ll117 2
Z:
: : G
0 111
-L11T 0 c.o—+i11T 2id
d —-Llpi” o ... 0 0
—Lin1” 2 —lia” 0
0 —i11” 21
W=
: : K
0 111
0 0 Lo—ipnt o

is a d-Block extension of the Malitsky-Tam algorithm. We have observed experimen-
tally that this design also maximizes the sum of the Fiedler values of Z and W among
designs which share this sparsity pattern. If instead of fixing the * block matrices in
(19) to zero or constant values we allow them to vary, we can generate new algorithms
which go beyond the generalized Douglas-Rachford or Malitsky-Tam structure. For
example, in Sect. 8, we provide empirical evidence that optimizing for a variety of
spectral properties of Z and W across this larger space generates minimum iteration
time algorithms with a convergence rate which is invariant to the number of resol-
vents in some cases. We also find that d-Block maximum Fiedler value designs share
the between-block fully connected nature of Z found in the extended Ryu algorithm
provided by Tam [34], but with a path graph connecting blocks in W rather than a star.
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If we set d = 2 for even n, but (unlike the generalization of Douglas-Rachford in
(21)) relax the constraint D;; = 0 Vi # j, thereby allowing the diagonal blocks of
W to vary, we can generate a number of different 2-Block algorithms using objective
functions which optimize various spectral properties of W. Section 8 will show that
these tend to outperform other block designs with more blocks (and therefore more
sparsity).

Care must be taken in the choice of the size of each block to avoid infeasibility in
(12). To that end, we note the following lemmas, which provide general guidelines for
determining whether a constraint set C allows a feasible solution to (12).

Lemma 1 For any design (W, Z) which satisfies constraints (12) we have the follow-
ing:

a. All entries in Z and W have magnitude bounded above by Z1,. Phrased graph-
theoretically, edge weights in G(Z) and G (W) have magnitude bounded above by
the (constant) degree of the nodes in G(Z).

G (W) must be connected.

G (W) must have at least one edge connected to each node.

G (W) must have at least n — 1 edges.

G (Z) must be connected.

Ifn > 2, G(Z) must have at least two edges connected to each node.

Ifn > 2, G(Z) must have at least n edges.

For any subset S of nodes in G(Z), let Es be the set of edges between nodes in S.
It then holds that ||S| — |S€|| < 2 (I€s] + IEsc).

SRS RS

Lemma 1h. is particularly helpful for block design. Note that the definition of a
d-Block design means that for any block S € {1,...,n}, & = @ in G(Z). An
immediate corollary of Lemma 1h. is that a 2-Block design must have |S1| = |S;]. A
2-Block design is therefore only feasible for even n, and partitions the resolvents into
two blocks of size 5. We also note that selecting d which divides n and letting the
block size |S;| = 7 will always satisfy Lemma 1h. Unless otherwise noted, d-Block
designs in the remainder of this work will have a constant block size of m = 7. Given
this set of methods for shaping the structure of the algorithm design, we now turn our
attention to objective functions which allow us to optimize within a given structure.

5 Objective functions

The objective function in (12a) allows us to select among the feasible matrices defined
by constraints (12b)-(121). We introduce a variety of possible objective functions in this
section, beginning with approaches which operate on the spectra of Z and W to target
specific graph characteristics and are commonly used as heuristics in the algorithm
design process [12]. We then explore a mixed integer framework and a linearization
of the problem which allows optimization over the number and placement of edges
in addition to edge weights. We use these formulations to design algorithms which
minimize the iteration time given any set of computation and communication times.
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u £

(a) Max Fiedler Value (b) Min SLEM

(¢) Min Total Effective Resistance (d) Min [|Z — W||

Fig.3 5-Block sparsity pattern over 10 resolvents using different spectral objectives

5.1 Spectral objective functions

Problem (12) admits a number of widely-used convex objective functions which use
the spectrum of the graph Laplacian to optimize for specific properties. In this section
we introduce several of these objectives, including the algebraic connectivity, the
second-largest eigenvalue magnitude (SLEM), the total effective resistance, and the
spectral norm of the difference between Z and W. Exact formulations are available in
the appendix’s Section D.1.

We begin by examining the maximum sum of the Fiedler values for G(W) and
G(Z). This can be obtained using the objective function ¢ (W, Z) = —Bw (L1 (W) +
M (W)) — Bz (M (Z) + 12(Z)), where B > 0 and Bz > 0. In Sect. 3.2, we note
that A1 (W) = 0, so L1 (W) + A2 (W) gives the Fiedler value of G(W) and provides its
algebraic connectivity (and likewise with Z). We also note that this objective function
yields a convex problem in (12). In graphs with positive edge weights, selecting edge
weights which maximize the Fiedler value has been shown to maximize the mixing
rate for a continuous time Markov chain defined over those edges [5]. This has led
to its selection as a common heuristic for a number of decentralized algorithms [12].
Figure 3aprovides an example of matrices W and Z formed with the maximum Fiedler
value objective function over a 5-Block design on 10 resolvents.

The SLEM provides another popular heuristic for the design of decentralized algo-
rithm mixing matrices. Given a symmetric Markov Chain, the SLEM is known to
maximize its rate of convergence to its equilibrium [5]. If G(W) and G(Z) have
only positive edge weights, we can form stochastic matrices P, and P, by set-
tinge =0, P, = 1d— W/2 and P, = Id — Z/2. The SLEM of P, is then
given by max {|1 — A (W)|, A, (W) — 1}, and similarly for P,, giving us ¢ (W, Z) =

@ Springer



Optimal design of resolvent splitting algorithms

Bz max {|1 — X2(2)|, An(Z) — 1} 4+ Bw max {|1 — A22(W)|, A, (W) — 1} [5]. Thisis a
convex function of W and Z which can be minimized for either or both, with a trade-
off coefficient determining the weight of each. Figure 3bdemonstrates the results of
minimizing the SLEM over a 5-Block design on 10 resolvents.

Another popular heuristic is the total effective resistance. For any given weighted
graph G(K), the total effective resistance of the graph is defined as % >, ﬁ
For a graph with positive edge weight, the total effective resistance has been shown to
minimize the average commute time, over all pairs of vertices, in the random walk on
the graph with the transition probability given by the ratio of the edge weights over the
node degree for any given node [5]. It is also convex and therefore tractable in (12) with
d(W,Z) = ,BW% S, W + ,32,% Y, ﬁ Figure 3cdemonstrates the output
of this objective. Minimal total effective resistance provides the best convergence rate
among the objectives presented here on a wide variety of problems, and demonstrates
a convergence rate invariant to problem size in our experiments over any set of n
identical /-Lipschitz, p-strongly monotone operators.

The final spectral objective we consider is min || Z — W/|| where ||-|| indicates the
spectral norm (A, (-)). This objective has the benefit of balancing the inputs (v or
—MTz) to a given resolvent with the resolvent inputs (x). For the 2-Block design,
min || Z — W|| returns W = Z, which also minimizes total resistance subject to these
constraints. The minimal spectral norm and minimal total resistance designs are not
equal in general, however, as seen in Figures 3cand 3d.

These objectives highlight the breadth of design options available in (12). Many
more could be developed. Section 8 provides a comparison of the various objectives
presented here on different problem classes. The maximum Fiedler value and minimum
total effective resistance provide particularly promising worst-case convergence rate
results using the PEP framework.

6 Non-convex extensions

A number of valuable algorithmic properties can only be modeled by shifting to
a framework which captures whether entries in Z and W are nonzero. We therefore
introduce binary variables for each of the off-diagonal entries in Z and W. The sparsity-
maximizing formulation we describe in (22) provides the most direct application of
these binary variables. The remainder of this subsection describes the use of this mixed
integer approach to minimize algorithm iteration time.

Given a particular constraint set C, we can find maximally sparse designs which
minimize the number of nonzero entries in W and Z by adding binary variables which
track the nonzero entries of these matrices. This can be done with the following mixed
integer semidefinite program (MISDP):

n
min Z E Xij + yij
.2, W ARG

i=1 j<i

S.t. (2+6)x,-j > |Z,’j| Vi, j € [n] (22a)
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2 +e)yij = IWi;| Vi, jeln] (22b)
n
Zinj >n (22¢)
i=1 j<i
n
YD vijzn-l (22d)
i=1 j<i
Y xij =2 Vieln] (22e)
J#i
> yij=1 Vieln] (22f)
J#i
xeS", x;€{0,1} Vi,jeln (22g)
yeS", yijef0,1} Vi, jeln] (22h)
SDP constraints (12b)-(12i). (22i)

In (22), the objective counts the number of nonzero entries in strictly lower trian-
gular parts of W and Z. Constraints (22a) and (22b) require weights which are not
indicated as nonzero to be zero, relying on Lemma 1la. to bound the value of each
entry. Constraints (22¢)-(22f) utilize Lemma 1 to tighten the formulation; they are
optional but reduce the time required by MISDP solvers, e.g. SCIP-SDP [21], to solve
the problem. Constraint (22¢) implements Lemma 1g., requiring the existence of at
least n edges in G(Z). Constraint (22d) implements 1d., requiring the existence of at
least n — 1 edges in G(W). Constraint (22¢) ensures each node in G(Z) has at least
two edges (required by Lemma 1f.). Lemma lc. gives that there must be at least one
edge to each node in G(W), which is captured in constraint (22f).

6.0.1 Mixed integer formulation

With an additional set of restrictions on Z and W, we can solve this MISDP as a Mixed
Integer Linear Program (MILP). We do so by requiring |Z;;| > |W;;| and ensuring
connectivity in G(W), and by allowing only negative off-diagonal values in W, Z, and
Z — W. These final conditions are equivalent to requiring only positive edge weights in
G(W), G(Z),and G(Z — W). We note that the existing FRS algorithms presented in
Sect. 2 all satisty these restrictions. The following theorem establishes the connection
between the SDP and its restricted linear counterpart.

Theorem 4 Any W and Z satisfying the linear constraints (23a)-(23g) also satisfy the
constraints in (12) for some constant ¢ > 0 and C € S| x S".

Z,WeS (23a)
Zij < Wi <0 Vi,jenli#] (23b)
W1=0 (23¢)

2—e<Z1<2+¢€ (23d)
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diag(Z) = Z13 (23e)
Z1=0 (23f)
G (W) is connected. (23g)

There are at least two approaches for linearly constraining W to provide connectivity
in G(W) when it has positive edge weights. The first verifies that each subset S of the
graph’s nodes has positive edge weight over its cutset (the set of edges with one node
in S and the other in &%), so that every subset is connected, and the graph is therefore
connected. The second verifies a network flow can move from a source node to every
other node. The number of constraints in the cutset approach scales exponentially
in n, whereas the network flow requires a set of additional continuous variables and
constraints which scale quadratically in n. We provide the flow-based formulation
here.

The flow-based formulation uses the following additional notation presented below
to fix parameters for the source and sink values for the network and define variables
for its flow:

h e R" : supply/demand parameter placing a supply value of n — 1 at
resolvent 1 (h; = n — 1) and a unit demand value at each of
the other resolvents (h; = —1)

fij =0 Vi # j : decision variable for flow from i to j.

We then define the flow-based formulation as

n
ma 32w
x,v.Z,f i i

i=1 j<i

st. Zjj <0 Vi#jeln] (24a)
Yij S xij Vi< jel[n] (24b)
- Z,‘j < (2—‘,—6))6,']' Vi < j €[n] (24¢)
—Zjj > xij/(n—1) Vi< jeln] (244d)
Y fi=Y fii=hi Vieln] (24e)
J#L J#i
Jij < (n—Dyij Vi#je€ln] (241)
fij =0 Vi#jeln] (24g)
Cutting Plane Constraints (22¢)-(22f) (24h)
Binary variable constraints (22g)-(22h) (241)
Linear SDP constraints (12b), (12f). 249)

This formulation eliminates W as a decision variable, defining it after completion as
Wij = yijZjj fori # j,and W;; = — Zj#i W;j. Problem (24) uses constraints
(24e) and (24f) to require the existence of a path from resolvent 1 to each of the other
resolvents by forcing the flow of the n — 1 value at 1 only via edges allowed in y,
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thereby requiring connectivity in y. Constraints (24b) and (24d) link the values of Z;;
and x;; to y;;, forcing them to represent connected graphs when y does. The lower
bound in (24d) forces an entry of atleast 1/(n — 1) in —Z;; when x;; = 1, which s half
the value of the weight on the edges of the fully connected design; other small positive
values could be used instead. Setting W;; = y;;Z;; then makes G(W) a connected
graph. Problem (24) therefore satisfies the requirements of Theorem 4, and guarantees
that W and Z satisfy the constraints in (12).

6.0.2 Minimum iteration time

We now consider the use of the MISDP and MIP formulations to generate mini-
mum iteration time algorithms when the computation times for each resolvent and
the communication times between computation nodes are arbitrary. We assume in the
remainder that all resolvent computation times for a given resolvent are fixed, meaning
that they do not vary across iteration or input value. These are given by #; > 0 for each
resolvent i € [n]. We similarly assume fixed communication times /;; = [;; > 0 for
all i < j € [n]. All other calculations in (11) involve scalar arithmetic on co-located
data and are assumed negligible. Let s;; be the computation start time of resolvent i
in iteration k, s be the earliest computation start time across all resolvents in iteration
k (the iteration start time), and ej be the completion time of the final communication
in iteration k (the iteration end time). We then have:

S11 =0
Skj =  max Sk,'+[,'+l,'j Vkelr],j >i¢€[n]
i|L ;i #0
K ;= max sgi +t;+1j; Vk e[r],i € [n
k+1,i JIW 20 kj Jj Ji [r] 75] [n]
Sp = min Sg; Vk € [r]
i€[n]

e = max{sy; +t + max I[;;} Vk € [r].
ie[n] JIWij#0 -

We can then define the k-iteration average iteration time as ¢ = ¢X/k. ¢! is the
completion time of the first iteration. The following proposition establishes a lower
bound on any single iteration time when communication times are constant, which is
useful for establishing whether a given design attains this minimum.

Proposition 5 The minimum single iteration time for algorithm (11) with computation
time t; for resolvent i € [n] and constant communication time [ between all resolvents
has a lower bound of max; e[, t; + min; e[y 1; + 21.

For large numbers of iterations, the limiting behavior of ¥ is a useful characteriza-
tion of the algorithm’s performance. We define the algorithm iteration time, denoted
¢®, as ¢® = limy_, o c¥.

The block designs described in Sect. 4 frequently obtain the minimum single iter-
ation time in the limit, but do not do so generally. Consider, for example, the case
where communication times are constant, but the resolvent computation times are
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Fig.4 d-Block and Minimum Iteration Time Design Execution Timelines

not. When it is possible to choose the resolvent ordering and block sizes so that the
maximum resolvent computation time across one of the two sets of parallel blocks
equals min; [, #;, the minimum iteration time bound in Proposition 5 is attained by this
design. One can show that this condition holds in the case of constant communication
time among all resolvents and resolvent computation times which are constant except
for a single maximal outlier. In this situation, the minimum iteration time bound is
attained regardless of the ordering of the resolvents whenever the d-Block design is
feasible in (12).

In the general case, however, minimizing the iteration time over arbitrary computa-
tion and communication times requires the use of the binary edge constraints provided
in (22). We do so with an extension of the critical path method found in project schedul-
ing [25] which minimizes the longest stretch of dependent resolvent calculations over
r iterations of the algorithm. Figure 4 demonstrates the utility of this formulation
relative to d-Block designs. In this example, we show the algorithm execution time
for 6-Block, 3-Block, 2-Block, and minimum iteration designs for a problem with a
mix of long and short resolvent computation times. In each of the block designs, the
alternating sets of adjacent blocks each have a least one long resolvent computation
time, resulting in average iteration times which are almost double the minimum pos-
sible. The design produced by our MISDP algorithm clearly outperforms the d-Block
designs, completing 12 iterations in the displayed time interval.

We require a set of additional parameters and decision variables given by
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r > n :integer parameter for number of iterations over which to minimize

t; > 0 : parameter for time to compute resolvent i

l;j = 0 : parameter for time to communicate from i to j

a > 0 : parameter larger than any possible time difference between resolvent
start times to relax inactive constraints

q > 0 : parameter for a lower bound on the single iteration time

b > 0 : decision variable tracking difference between the run time over r
iterations and the lower bound

ski > 0 : decision variable for time from algorithm start until completion of
resolvent calculation i in iteration k.

Our minimum iteration time MISDP is then given by

min b
x,y,b,5,Z,W

St sk —spi =+l +a)x;j—a Yekelr],i <jeln] (25a)
Sk+1,i —skj = (@t +1ji+a)yij—a Ykelrl,i <je[n] (25b)
Sk41,j —Ski = (i +lij+a)yij—a VYkelrl,i <jeln] (25¢)

b> max {s+1ti+1Ljyj}—rq (25d)
i<jeln]

SDP constraints (12b)-(12h) (25e)

Integer bounding constraints (22a)-(22b) (25f)

Binary variable constraints (22g)-(22h) (25g)

Optional Cutting Plane Constraints (22¢)-(22f). (25h)

Constraint (25a) forces the start time si; of resolvent j in iteration k to fall on or
after the completion time (sx; + #; + I;;) of resolvent i in iteration k when x;; = 1.
Constraints (25b) and (25¢) ensure that resolvents i and j cannot start iteration k + 1
until after the completion of each in iteration k when y;; = 1. Constraint (25d) sets b
as the difference between the run time bound for r iterations (rq) and the actual end
time for iteration . The SDP, integer, and cutting plane constraints are all inherited
from (12) and (24;j). For relatively small problems (n < 10), this approach can identify
iteration time minimizing designs which improve upon the block designs presented in
Sect. 4.

As shown in Figure 4a, early iterations of the algorithm often have different patterns
of completion than later iterations, due to the initial availability of all initialization
values, so we recommend selecting » > n iterations to model in the critical path. If
we have constant communication times, we can also use the lower bound provided
in Proposition 5 to tighten the formulation, which provides a significant performance
improvement in the MISDP solution time. In the general case we can tighten the
formulation with a lower bound of max; {f; + min; {/;;}} +min; {#; + min; {/;;}}. We
also note that a restricted version of the MISDP in (25) can be solved as an MILP with
the replacement of the PSD cone constraints in (25) with those in (24).
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7 Convergence rates and optimal tuning

We now present a set of related SDPs which use the Performance Estimation Problem
(PEP) approach described in [16] and [32] to optimize the step size y and matrix W
with respect to convergence rates of algorithms designed with (12) across a variety of
problem classes. These classes include sums of strongly monotone operators, Lipschitz
operators, and the subdifferentials of closed, convex, and proper functions, including
indicator functions over convex sets, as long as the sum over the operators is guaranteed
to have a zero. We note that throughout this section, as in Theorem 1, the modulus of
strong monotonicity of an operator is permitted to be 0.

We begin first with an analysis of iteration (10), which provides both the worst-case
contraction factor for a fixed L, M, and y over all initializations and all monotone
operators satisfying certain assumptions, as well as the ability to optimize the step size
with respect to the contraction factor of z. We then present an analysis of iteration (11)
which allows us to determine the contraction factor of v and to optimize W and/or y
with respect to this contraction factor.

7.1 Optimal step size

In this section we build a PEP which upper bounds the worst-case contraction factor,

2 2 PP
T, = ||z% — zé || / Hz? — zg , of (10) over all initializations and operators (Al-)g':1

which are strongly monotone and Lipschitz with respect to some constants ; and
l;, respectively. The first step is to build a PEP which has an optimal value which
provides an upper bound for 7,. When dim(H) > d + n we show the bound is tight.
We then dualize this PEP and note that the primal and dual problems enjoy strong
duality. Finally, we note that the dual problem can be parametrized with respect to the
step size y, allowing us to optimize over y in the dual problem, resulting in a step size
which minimizes our bound on the worst-case contraction factor.

For fixed M € R¥*" and L € R™*", define block matrices K; and (for i in [n])
K, and K;, € S as

[1d 0
i 0 el j|
K, = 27 T 27
M =3eMT S (eiLi+ (eiLi)T) — (1 + pi)eie! &7
[ MM M (Li. —eT)
K = T 2 sT T T T2 |- (28)
|(Lio—ef) M} —(Lii—¢) (Li.—e]) +eiell;

We also define a function § : R” x R” x R x R — S4+1+d 4

Id
§@ h v yy = | 2 0K = 2 MK UK [VMT:|
[Id yM] Id
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This notation allows us to state Theorem 6, which establishes the use of the dual PEP
to find the contraction factor minimizing step size and the minimal contraction factor.

Theorem 6 For M € R*" and L € R™" derived from a valid design in (12) and
(,ui)?:l and (li);’zl satisfying 0 < u; < I; for all i in [n], consider the problem

sy Y (%)
subjectto S (¢, A, ¥, y) =0 (29b)
$>0 >0 (29¢)

o, L eR" (29d)

v,y €R. (29¢)

A solution to (29) provides a step size y* for (10) which minimizes the upper bound
of the worst-case contraction factor t,, provided by *, over all initial values z(l)
and zg and all possible jv;-strongly monotone I;-Lipschitz operators (A;)ie[n]. When

dim(H) > d + n, this bound is tight.

We note that ¥ > 0 is required in the proof of Theorem 1 for fixed points of (10)
to yield a solution of (4). One can enforce this by adding the constraint y > c to (6)
for some small ¢ > 0. We also note that, if the step size y is fixed in (29), the solution
value ¢* provides the worst case contraction rate t, for (10) for that step size.

7.2 Optimal matrix selection

We now turn to iteration (11). Given a feasible matrix Z in (12), we provide a
method for finding y and/or W which have the optimal contraction factor 7, =
Hv% - v% ||2 / ”V? - vg ||2 This optimal contraction factor is valid over a set of oper-
ators defining (4) which have certain structural properties that can be characterized
using the PEP framework [16].

For fixed L € R"*", we define K;, K1 and, for i in [n], K, and K, each of which
isin S, as

[1d 0
KI - -0 0} ’
(117 0
K]l - i 0 0] ’
[0 Leiel i|
K, = 21T ,and
M deie] g (eili+Llel) = (1 + wi)eef
K, = [ —ee —ei (Li. —e;) ]
@i —edlel —(Li—e)! (Lio—e) +eiel I
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We also define a function § : R” x R” x R x R x St — S as
Y 3K — S Ky + UK+ oKy | G
S@. a0, W) = POER T 2 AR PR _wll. 30
[1d —WT] Id

Theorem7 Let L € R"™™", ¢ > 0, and (u;)}_, and (I;)!_, satisfy 0 < p; < I; for all
i in [n]. Consider the problem

min _ ¥ (31a)
$.h 0, W

subject to S (d), ALY, o, W) >0 (31b)

¢>0,1>0 (3lc)

W1=0 (31d)

A (W) + 1(W) > ¢ (3le)

$,reR" (31f)

V,weR (31g)

Wesh. (31h)

A solution to (31) provides a matrix parameter W* for (11) which minimizes the
upper bound of the worst-case contraction factor t,, provided by ¥*, over all valid
initial values V? and Vg and all possible p;-strongly monotone l;-Lipschitz operators
(Ai)ie[n]- When dim(H) > 2n, this bound is tight.

8 Numerical experiments

This section presents numerical experiments which utilize and validate our contri-
butions from the previous sections. We conduct three sets of experiments, choosing
parameters for /; and u; to minimize the impact of numerical solver tolerances on
the results, which can be significant at high condition numbers. The first compares
the contraction factor of d-Block designs, which compromise between a high degree
of parallelism and high resolvent connectivity, with a fully connected design and the
Malitsky-Tam algorithm introduced in [28]. We conduct this comparison with and
without the optimal step size selection in Theorem 7, while also examining the impact
of resolvent evaluation ordering and the choice of d in d-Block designs. Additionally,
we numerically investigate the ideal amount of sparsity to balance between paral-
lelism and rapid rate of convergence, demonstrating that d-Block designs make the
most progress towards a solution during a fixed running time. A final experiment
compares d-Block designs to minimum iteration time designs from Sect. 6.0.2 when
the resolvent computation times and communication times are known. Throughout, in
order to compare our contributions to previous results [28, 34], which are formulated
in terms of iteration (10), we quantify the contraction factor in iteration (10) using
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. . y ) ) Fixed step size contraction with an unrestricted monotone operator
Fixed step size contraction with n Lipschitz strongly monotone operators
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Fig.5 Contraction factors with fixed y = 0.5

Theorem 6. For d-Block designs and minimum iteration time designs from Sect. 6.0.2,
we apply the sparse Cholesky decomposition from Sect. 3.1 to construct an M for use
in Theorem 6. For the sake of reproducibility, all experiments from this section can be
found in our accompanying software package github.com/peterbarkley/oars/, along
with a number of additional examples analyzing the convergence as the condition
number of the operators increases.

8.1 Comparing contraction factors of various designs

In our first experiment, we characterize the contraction factor t from Theorem 6 for
some of the design choices presented in Sects. 4 and 5. We do so for problems in
two problem classes: n identical maximal [-Lipschitz p-strongly monotone operators
(which we call Class 1) and n — 1 identical maximal /-Lipschitz p-strongly monotone
operators with one unrestricted maximal monotone operator (which we call Class 2).

We begin with a comparison of the spectral objective functions in Sect. 5 using a
Class 1 problem with/ = 2 and i = 1. We restrict the SDP to the 2-Block design. For
comparison, we consider the Malitsky-Tam (MT) [28] and a fully connected design.
For the fully connected design, we take the matrix Z to have 2 on its diagonal and
—% in all entries off the diagonal, and we set W = Z. For each design, we take the
step size y = 0.5.

Figure 5 displays the results. We note first that the maximally dense fully connected
design provides the best contraction factor, and the maximally sparse MT design
provides the worst. The minimum resistance objective (72) and minimizing ||Z — W||
return the same matrices and provide the fastest convergence rate among the 2-Block
designs.

We next conduct a similar test using optimal step sizes. We compare the various
objective functions over the 2-Block design with MT and the fully connected design,
both for Class 1 (with/ = 2 and u = 1) and for Class 2 with the same parameters.
We use the dual PEP formulation in Theorem 6 to calculate the optimal step sizes and

contraction factor.
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Fig.6 Contraction factors with optimal y from Theorem 7

Figure 6 provides the results. We see a dramatic improvement in convergence rates
when using optimal step size in all cases. In the Class 1 case of identical operators,
the 2-Block minimum resistance design (72) beats the fully connected algorithm for
n > 5, and the 2-Block maximum Fiedler value algorithm (70) comes quite close
to it as well. Both minimum resistance and minimum SLEM show invariance to the
number of operators, n, in this scenario.

In Class 2, the invariance disappears, and the number of monotone operators
strongly impacts the contraction factor for all designs. The fully connected design
provides the best convergence rate, with the spectral objectives approaching the per-
formance of the fully connected design as n increases. Below n = 10, the minimum
resistance design (72) is slightly better than the other spectral designs. Above n = 10,
the maximum Fiedler value (70) and minimum SLEM designs (71) begin to outperform
minimum resistance by a small margin.

The matrices returned by the spectral objectives, whether restricted to a d-Block
design or not, exhibit a high degree of symmetry. Tam’s extension of the Ryu Algorithm
[34], however, has a strong lack of symmetry, concentrating significant value in W
onto the last resolvent. We therefore examine the impact of operator ordering on the
MT, full, and block designs, and Tam’s extension of the Ryu algorithm. In this test, we
use the optimal step size for each algorithm design, and shift an unrestricted monotone
operator between the last position and the first position. The other n — 1 operators are
2-Lipschitz 1-strongly monotone as before.

Figure 7 provides these results. For most algorithms, the convergence remains the
same regardless of ordering, but for the extended Ryu algorithm, the impact is quite
strong. With the unrestricted operator in the last position, the extended Ryu design per-
forms similarly to the fully connected algorithm and the 2-Block minimum resistance
design (72), which has the best contraction factor among the 2-Block designs. But
when the unrestricted operator is moved from the last resolvent to the first resolvent
becomes poor relative to its competitors, which are invariant to this shift in resolvent
evaluation order.

Finally, we test the impact of block size on the contraction factor. As above, we test
over Class 1 and Class 2 with/ = 2 and u = 1. We use the optimal step size in all cases,
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Operator Ordering and Splitting Performance
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Fig. 7 Impact of unrestricted operator placement on convergence rate in Class 2 problems. All designs
are invariant to swapping the role of A| and A, except the extended Ryu algorithm, which has degraded
performance when the restricted operator is evaluated first

Ll Operators by Block Number

c 5 —o- 2.Bl0ck

— - .

(a) Class 1 (b) Class 2

Fig.8 Convergence rate by block size

and compare the minimum resistance design (72) over all possible constant-size block
counts for a given n. We include the fully connected and MT designs for reference,
which provide 1 and n blocks, respectively. Figure 8 displays the block size results.
We observe that increasing to three or more blocks has a strong negative impact on the
contraction factor, particularly in the identical operator case. For Class 2, the 2-Block
design contraction factor approaches that of the 3-Block design near n = 15.

8.2 The ideal amount of sparsity

In our next experiment, we analyze the total time required for a contraction of 0.5,
given a fixed amount of algorithm running time. This combines the average iteration
time of the algorithm designs with their contraction factor in order to determine overall
performance. We testacross Class 2 with/ = 2 and u = 1, using both fixed and optimal
step size, and the maximum Fiedler value design (70). We progressively increase
matrix sparsity in Z toward the 2-Block design, removing edges alternately from
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Contraction vs Time as Edges are Removed Time to 0.5 Contraction vs Removed Edges, n = 24
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Fig. 9 Impact of convergence and average iteration time on total algorithm time across (n — 1) Lipschitz
strongly monotone operators with one monotone operator as sparsity increases to 2-Block design and beyond

within the first and second block. Figure 10 illustrates the edge removal ordering. After
reaching the 2-Block design, we remove edges progressively from the remaining block
matrices beginning near the diagonal. All resolvent computations and communications
are treated as a constant single time unit throughout.

Figure 9 displays the results for n = 24. In Figure 9a, moving from right to left
we see the gradual decrease in average iteration time as edges are removed toward the
2-Block design. Once the 2-Block design is reached, continuing to remove edges shifts
the convergence rate upwards without any further decrease in average iteration time.
This point is the phase transition of each of the parametrized curves in Figure 9. Figure
9bshows the decrease in total convergence time as edges are removed. We observe a
strong inflection point at the 2-Block design, with total time rising gradually thereafter
as more edges are pruned. These results demonstrate the utility of constructing designs
within the d-Block constraints.

8.3 Minimum iteration time and d-block designs

We now turn our attention to problems with arbitrary resolvent computation and com-
munication times. Although the d-Block designs for small d consistently show strong
performance in terms of contraction factor and average iteration time, it is possible in
some cases to reduce the total time required for convergence by using the minimum
iteration time formulations (25) and (24).

Achieving competitive performance of formulations (25) and (24) with d-Block
designs requires the addition of another constraint—a minimum number of nonzero
entries for each row in W. From a graph-theoretic perspective, this provides a minimum
number of edges for each node in G(W). Experiments with various constraint levels
have shown that requiring at least | 5 | entries in each row preserves sufficient density
in W to keep the convergence rate comparable with the 2-Block design, so we subject
our time minimizing designs to an additional constraint requiring | 5] nonzero entries
in each row throughout this experiment. For even n, we compare the performance of a
time minimizing design with a 2-Block design, and for odd n we use a 3-Block design
with block sizes ( %, %, 1), which we found to perform best across the set of size
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Fig. 10 In Figure 9, edges are alternately removed from block matrices (1,1) and (2,2) starting in the upper
left off-diagonal positions and progressively removing edges to the right and down. Once block matrices
(1, 1) and (2, 2) are restricted to identities, we then prune within the remaining blocks ((1, 2) and (2, 1),
which are equivalent by symmetry), and proceed in the top right of block matrix (2, 1) from the diagonal
of the entire matrix working outward

3 partitions. We construct the d-Block designs using the minimum total resistance
objective function (72), and we construct the minimum iteration time design using the
scalable MILP formulation in problem (24), which we formulate in Pyomo and solve
with Gurobi [8, 23, 24].

We assess the performance of each design by computing the total time required to
achieve a 0.01 contraction factor using the single-iteration contraction factor  from
Theorem 6 with optimal step size. We use a Class 2 problem set with [ = 2 and
w = 1 as before, and conduct 40 trials each forn € {6, 7, 8, 9}, selecting the resolvent
computation times uniformly from [0.5,2.0] and the communication times uniformly
from [1,11]. Figure 11 provides the results. While the 2-Block design remains quite
good for even n, for odd n the minimum iteration time results provide consistently
better performance.

9 Conclusion

This work presents a novel framework for designing frugal resolvent splittings suit-
able for particular applications. We prove the convergence of these algorithms over
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Fig. 11 Comparison of d-Block and the constrained minimum iteration time design from (24) on randomly
generated resolvent computation and communication times. d-Block designs are 2-Block for even n and

("2;1, "2;1, 1) for odd n and use the minimum total effective resistance objective (72). Constrained Min-

imum Iteration Time designs use the MILP formulation (24) with the additional edge constraint described
in the text

n maximal monotone operators whose sum has a zero, offering an enlarged range of
valid step sizes and an approach which provides an optimized step size given a char-
acterization of the problem class. We establish the equivalence of all algorithms in
(10) with minimal lifting designs. We also further develop the connection between the
algorithm matrices and the weighted graph Laplacian, using the connection to inform
the set of feasible constraints for (12).

We demonstrate the utility of the framework with a number of possible constraint
sets and objective functions. These allow minimization of iteration time for both
uniform and arbitrary computation and communication times, as well as designs which
optimize over a wide variety of common heuristics. We also demonstrate the use of the
PEP framework and its dual with these designs, optimizing W and y, and providing
contraction factors under various structural assumptions on the monotone operators.

Numerically, we validate the performance of our contributions by comparing their
performance in settings with different computation times, communication times, and
problem classes. We show that d-Block designs, for small values of d, outperform
competitors from the literature. We compare the designs optimized by the various
spectral objectives, with and without the optimal step size, and find that minimizing
the total effective resistance performs consistently well. We analyze algorithm design
performance when the monotone operators are re-ordered, and find consistent perfor-
mance across most designs, but note that the asymmetric extended Ryu design can
perform poorly in this setting. Finally, we demonstrate that when resolvent computa-
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tion times and communications times are known or can be accurately estimated, the
minimal iteration time designs we propose in Sect. 6.0.2 outperform d-Block designs,
but the marginal improvement suggests that d-Block designs still can be expected to
exhibit good performance when these times are not available.

Supplementary Information  The online version contains supplementary material available at https:/doi.
org/10.1007/512532-026-00304-7.
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